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Viscous Flow Past a Quarter-Infinite Plate 


K. STEWARTSON* 
The Unwersity of Durham, England 


Summary 


A study is made of the motion of an incompressible viscous 
fluid past a quarter-infinite plate, whose leading edge is perpen- 
dicular to and whose side edge is parallel to the undisturbed 
direction of the stream. It is assumed that the kinematic vis- 
cosity vis small. The first approximation is taken to be the un- 
disturbed motion, and successive approximations are obtained 
by iteration. The second approximation is the Blasius shear 
layer necessary to satisfy the boundary conditions on the plate 
In turn, this layer leads to a velocity component normal to the 
plate which needs a potential solution, in which the velocities 
are O(v'?), to match with the conditions at infinity. Further, 
the match at the edge of the Blasius shear layer must be com- 
pleted to O(v'?) by introducing a secondary shear layer. The 
regions near the leading and side edges are considered separately; 
in particular, the neighborhood of the side edge needs special 
care, because the determination of the chief terms is complicated 
by the presence of powers of log y~!. In particular it is shown 
that the effect of the edge is to change the skin-friction coefficient 
by a factor 


O(v’? log »~?) 


(1) Introduction 


‘Pur viscous Flow past a semi-infinite flat plate 
placed edgewise in a uniform stream is the classical 
problem of boundary-layer theory. The asymptotic 
form was found by Blasius, and, as a result of papers 
by Carrier and Lin' and by Kaplun,’ the solution is 
known everywhere except in the immediate vicinity of 
the leading edge when v the kinematic viscosity is small. 
Moore?* has shown that the Blasius solution is capable of 
generalization to a flat plate with a curved leading 
edge provided that the leading edge has no discontinui- 
ties of slope. It is, in fact, sufficient to say that the 
flow in any plane parallel to the direction of the inci- 
dent stream and containing a normal to the plate is 
identical with that given by the Blasius solution. 

This generalization breaks down when a discontinuity 
of slope occurs in the leading edge, for then the solution 
would imply discontinuities in velocity derivatives; 

Presented at the International Papers on Fluid Dynamics 
Session, IAS 28th Annual Meeting, N.Y., January 25-27, 1960 
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indeed, in the extreme case which forms the subject of 
this paper, that of a quarter-infinite plate with its 
leading edge normal to and its side edge parallel to the 
incident stream, velocity components themselves are 
discontinuous. Although little has been published on 
this problem, it has created a good deal of interest, 
indeed, more than the problem would at first sight ap- 
pear to warrant. This is because it raises problems 
of fundamental importance in the interplay between 
boundary layer and external flow and contributes to 
our knowledge of the role played by boundary-layer 
theory in obtaining solutions of the full equations of 
flow. One remark about the novelty of the problem is 
sufficient to convey the importance of it in boundary- 
layer theory. Calculations of the effect of the edge in 
increasing the skin-frictional force on the plate are, as 
has been shown for the model equations of Oseen by 
Howarth and myself* and will be shown below for the 
full Navier-Stokes equations, quite incomplete until 
one includes the effect of the boundary layer on the 
potential flow outside. Indeed, in practically every 
paper on edge effects which I have seen the author has 
failed to realize this crucial aspect of the problem. 

When Professor Howarth and I began to think about 
the mathematical difficulties of this problem we soon 
decided that the danger of missing vital points in the 
argument because of the great complexity of the three- 
dimensional form of the Navier-Stokes equations was 
sufficient to make it worthwhile carrying out a pre- 
liminary investigation, using Oseen’s model set, which 
has the merit of being linear while at the same time 
retaining many important features of the full equa- 
tions of motion. The results of this work have been 
published elsewhere.‘ Unfortunately, for various rea- 
sons it was not possible to continue our collaboration 
after that part of the investigation was completed, and 
it was decided that I should attempt the extension of 
the ideas evolved to the case of the Navier-Stokes 
equations. 

Although the essential ideas underlying the solution, 
so far as it has been obtained, are simple, some of the 
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details are complicated, more so even than in the model 
set of Oseen. All I will attempt here is to obtain the 
next approximation after the Blasius, over as extensive 
a part of the field of flow as possible, to the full solution 
when v is small. For the Oseen equations the whole 
field of flow outside the immediate vicinity of the tip 
could be found correct to order v'/”. For the Navier- 
Stokes equations so much is not possible, but we can 
determine a good deal of the solution to that order. 
The exceptions are the immediate neighborhoods of the 
tip, the leading edge, and the side edge. The tip region 
is intractable. In the neighborhood of the leading 
edge even the two-dimensional problem has not been 
solved; we show that once that solution has been found 
ours is comparatively simple. In the neighborhood of 
the side edge the presence of certain logarithmic terms 
in the boundary conditions means that similarity argu- 
ments are inadequate and the solution to O(v'’*) must 
involve an infinite series in inverse powers of log 
(v~') and possibly of log log (v~') as well. The leading 
term of this series can be shown to satisfy a set of equa- 
tions of boundary-layer type but of a particularly 
difficult variety. Some of the properties of the leading 
term are found, among them, the fact that the effect 
of the side edge on the skin friction is to add to it a term 


O(v'”? log v-) 


So far as possible I shall follow the scheme of reference 
4 in this paper; the interested reader may find it useful 
to compare the properties of the two solutions at each 
stage of the argument. 


(2) The Blasius Problem 


Some of the ideas for the present solution are con- 
tained in the two-dimensional problem of the flew past 
a semi-infinite plate, and, as I shall require to make 
use of the solution of this problem anyway, some dis- 
cussion of it is a useful introduction. The exact solu- 
tion of the Oseen equations is known; of the Navier- 
Stokes equations the solution is known except near 
the leading edge—for small v it comprises a potential 
flow together with a conventional boundary layer. 
With U as the speed of the incident stream, the origin 
at the leading edge, the x axis parallel to the incident 
stream, and the y axis normal to the plate, the Navier- 
Stokes equations take on the form 


ou 4 ou 1 Op ry (> =) 2.1) 
u—+v—-=- - = 2. 
Ox oy p Ox ; Ox? nd Oy? \ 

Ov Ov 1 Op (= =") wai 
—_"' ss ca a a 


(Ou/Ox) + (Ov/Oy) = 0 (2.3) 


where (wu, v) are the components of the fluid velocity. 
At infinity we must have u ~ U, v— 0 and at the plate 
u=v= 0. 

A useful way of looking at these equations when » is 
small is to say that a first approximation to the solution 
is 
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u = U, v= 0 (2.4) 

The solution satisfies the equations of motion and all 
the boundary conditions except that u # (0 on the plate. 
We can expect, therefore, that when y is small this solu- 
tion is valid except in the immediate vicinity of the 
plate where there must be a shear layer to enable the 
condition at the plate to be satisfied. Inside the shear 
layer 0/Oy > 0O/Ox since it is thin, and so we are led 
to the well known boundary-layer equations 


Ou Ou 1 Op 07u 
u +v-=--: v 
Ox oy p OY Oy? (2.5) 
a. 
Ou ov Op 
-+—=4Q, = 0 
Ox Oy oy 


with boundary conditions 


u = v = 0 on the plate 


u— U outside the boundary layer 


The solution of these equations is classical and con- 
firms our implicit assumption that the shear layer is 


thin. Infact, ifx>0,y 2 0, 


u = UF’(n) where n = u(U/2px)' *\ 


cea ‘at (2.6) 
and F’’ + FF" = 0 


with F = F’ = Qaty = 0, F’>1lasy—> ©@, while if 
£f< 0.8 = U. 
The skin friction at the plate is 


0.332 pU*(v/xU)'” (2.7) 


where p is the density of the fluid and, on emerging from 
the shear layer, v is not zero but 


v = 0.860 U(v/xU)'” ifx > 0 (2.8) 


and v = (0 otherwise. 

This solution is valid except in the immediate vicinity 
of the leading edge, where nothing short of the full 
equations is useful, but it does not satisfy the boundary 
condition at infinity on v. Hence, even apart from the 
neighborhood of the boundary edge, about which I 
have nothing new to say, it is necessary to add to Eqs. 
(2.4) and (2.6) other terms which serve to adjust v to 
satisfy the required condition. These terms can be 
found by assuming that in the region of adjustment 
0/dx and O/dy are both of order unity. It is easy to 
see that any other assumption fails. In this case the 
new terms correspond to an inviscid flow, which from 
the known properties of such flows must be irrotational. 

Therefore, for the next approximation to the field of 
flow outside the shear layer we write 


u = U + (0¢/0x), 


The function ¢ is harmonic and determined by the re- 
quirement that the values of v from (2.9) and (2.5) 


v = 0¢/dy (2.9) 


must be equal at the edge of the shear layer. Accord- 

ingly, when vis very small 

d¢/dy = 0.860U(v/xU)'”? y= 0+, x>0 (2.10) 
= 0 y=0+, x<0 il 


For a complete match the 
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VISCOUS FLOW 
two formulas for 7 must also match at the edge of the 
shear layer. This cannot be achieved by making any 
further restriction O(v'/”) on @ which is completely 
determined by Eq. (2.10) and its harmonic property. 
It may be achieved by assuming that the shear layer is 
controlled by a main stream 


) 
l 
( ™ Ox y = O+ 


instead of by U, since to O(y'’*) the value of v at the 
edge of the shear layer is still given by Eq. (2.8). How- 
ever, in the two-dimensional problem 0¢/0x = 0 at 
x > 0, y = Oso that the shear layer and potential layer 
are completely matched by Eqs. (2.6) and (2.9). 


(3) The Quarter Plate Problem: Potential 
Solution 


With origin at the corner, the x axis parallel to the 
stream, the z axis along the leading edge, and the y 
axis perpendicular to the plate, the Navier-Stokes 
equations are 


pine thea ae 


Dy 


; 3.1 
i Dt we 


1 
= — - grad p + »V’v 
p 


div v = 0 (3.2) 


where v = (u,v, w) is the fluid velocity. The boundary 


conditions are that 
(3.3) 


v=0 whenx 2>0,y=0,220 


} and v — Ui at infinity, where iis a unit vector parallel 
to the x direction. 

As in the Blasius problem, we can expect that if v is 
; small the flow is almost undisturbed except in the 
vicinity of the plate. Near the plate there will be a 
shear layer of the conventional type in which 0/oy > 
0/O0x, 0/0z except for special regions in the neighbor- 
hood of the leading edge x = 0 and the side edge z = 0). 

Thus, we start by taking 


7 re ‘ 
v= Ui (3.4) 
as our first approximation and then removing the 


tangential slip by means of a shear layer which is identi- 
cal with that in the Blasius problem. In the vicinity 





of y = 0 
i u= UF'(n), w=0 (3.5) 
ifx > 0,2 > 0 and 
u= U, w=0 (3.6) 


Y 


} otherwise. The equation of continuity now deter- 
| mines v. 

The shear layer of course only covers the plate, and, 
} on emerging from it, 

; v = 0.860 U(v/xU)'” sgn y x>0,z>0 
: = 0 otherwise 


(3.7) 


except in the immediate vicinity of the leading and 
trailing edges. Accordingly, Eqs. (3.4) and (3.5) to- 
gether do not satisfy the boundary conditions at in- 





PAST A QUARTER-INFINITE 


PLATE 3 


finity and to these must therefore be added another, 
potential, solution to cancel Eq. (3.7). This means 
that outside the shear layer 


v= Ui+ grad ® (3.8) 
where ® is harmonic, grad @ — () at infinity, and 
OP eg hae 
= 0.860U(v/xU)'”* sgn y 
oy y = O+ 
x>0,2>0 (3.9) 
= Q elsewhere 


The determination of ® subject to these conditions is 
straightforward and has, apart from the multiplicative 
factor, already been found in reference 4. There is no 
need to repeat the calculation here; it is sufficient to 
remark that when y = 0,x >0,2>0, 


d6/dx = 0.860 U(v/xU)' U,(é) (3.10) 


06/02 = 0.860 U(v/xU)'?W,(é) (3.11) 


where — = 2/x, and U;, W;, are known and have the 
following properties: 
(1) If é is large, 
0.848 _ 
xt! , a~= nt! 


1.854 


U~t : (3.12) 


(2) If — is small, 


E 
(10g - + 1), 


] g 
W, = — log = + O(€ log —) (3.13) 
T S 


tr 


U; ~ — 


~ 


Further, if y ~ 0,2 # 0 but y? + 2?’ <x’, 


0m 0.860 fv \'? y? + 2? 
~ U | — log * r 
a x 


Oz Qa 


(3.14) 


If instead of considering the quarter-infinite plane x > 
0, y = 0, s > 0 we had supposed that the leading edge 
was a curve of arbitrary shape but that the side edge 
was unaltered, the value of v at the outer edge of the 
shear layer would be altered and so therefore would the 
potential problem corresponding to Eq. (3.9). In fact, 
the logarithmic singularity in W, shown by Eggs. (3.13) 
would be unchanged, but it would be necessary to add 
to W, a term c(x) x’ ? where c(x) depends on the shape 
of the leading edge. A corresponding addition would 
be necessary for U;. In particular, if the plate is the 
semi-infinite strip y = 0, x > 0, R > z > 0 where R is 


large, then 


In the Blasius problem the determination of the 
potential flow completed the solution except in the 
vicinity of the leading edge; this was because matching 
d0¢/0y with the out flow from the boundary layer also 
matched the x component of velocity. Here, how- 
ever, the x, z components of grad # are not zero on the 
plate and hence the match is not complete. It may, 
however, be completed to O(v'”*) if we use the values of 
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u, w on the plate calculated from Eq. (3.8) to set up a 
secondary shear layer. To this order the terms 
normally neglected in boundary-layer theory are still 
negligible and the pressure charge across it zero, so 
that the usual theory may be applied. The match now 
achieved is not perfect, for in the secondary shear layer 
there is an induced v which is not matched to 0® oy), ee 
however it is O(v) and beyond the scope of the present 
theory. 


(4) The Secondary Shear Layer 


In this section we investigate the perturbation to 
the Blasius solution which is necessary if the values of 
u, won emerging from the shear layer are to match with 
those of the potential solution outside to order v'/* 
The values of v to this order have already been matched. 

Write 

u=Uu+u*, v = m+ 2%, (4.1) 


w= Ww + w* 


where the suffix 0 refers to the Blasius solution and the 
asterisk to the perturbation. Then 


ro r v wie ~ ~ 
ug = l F’(n), vo = l 2Ux [nF’ — F), 


WM = 0 (4.2) 
and the starred quantities satisfy 
. Ong 4 yf Ong 4 ou* i ou* 
u v u % = 
ox oy ” Ox Oy 
1 Op 071* 
- +r— (43 
p Ox Oy? ) 
ow™* ow* 1 Op 0?w* 
uo > + = v a (4.4) 
fa) oy p Oz oy" 
Op ‘ ou* 4 ow* * ow* ‘ £5) 
- = 3 = (- oe 
oy Ox oy Oz 
with boundary conditions 
u* = y* = w* = 0 on the plate, 
u* —> 0.860 U(v/xU)'?  U; (&, 0) (4.6) 


w* — 0.860 U(»/xU)'’?  W, (é, 0) 


as n > ©, where — = 2/x from Eq. (3.10) and (3.11), 
and u* = w* = Oifs< Oorx< U. 

It is noted that in the equations of motion, differ- 
entiation with respect to z only occurs in the equation of 
continuity; since w* is completely determined by Eq. 
(4.4) it follows that z may be treated as a parameter in 
the secondary layer. Further, since the pressure / is 
independent of 7 in the shear layer it may be calculated 


from the boundary conditions at 7 = ©. In fact, 


p = const. — plU(0/0x) (x, 0, 2) (4.7) 


in the shear layer. 
Consider first the equation for w*. 
Mo, Vo in terms of F and writing 


w* = (0.860 U(v/xU)'/7(0/dn) HE, 7) 


Substituting for 


(4.8) 


we find that 


THE AEROSPACE 


SCIENCES—JANUARY, 1961 
O* oH OF OH OF O° 
— -+- Ff : 2¢ = 
On® On’ On On On OndE 
W 7 dW, 19 
oT se dé (4.9) 
where 


OH/0n = 0 atn = 0, OH/On—> W, 


asn—> © 
and OH/On—>0 as E> & 


A complete specification of 0/7/0n requires extensive 
numerical calculation, but in order to form a picture 
of the flow it is sufficient to calculate it when é is large 
and when £ is small. 

If £ is large, 


\1/2 
oy vy = 0+ (xz) 


W, = —(1.854/n)e7!” 
and so 
OH/dn = —(1.854/r)E~'/*K(n) (4.10) 
where K" + FK’ = 0 
with boundary conditions A(0) = 0, A(@“) = 1. 
Accordingly, 
K(n) = F'(n) (4.11) 
so that, in particular, 
ow* 0.336 U 
= (4.12) | 


If £ is small 


1 < 
W, = - log = + O(€ log &) 
T S 


and so we write 


ae ez log S 1(n) - . M (n) (4.13) 
On T 8 T 
whence 
L'" + FL’ + F'L’ = 1 (4.14) 
M'" + FM" + FM’ =2—2F'L’ (4.15) 
with boundary conditions 
L'(0) = M’(0) = 0, L’(~) = 1, M() =0 


The solution of Eq. (4.14) is 


: , i. Soe 
L'a) = F'G) = d 
0 F"(m) 
where 
8B = lim (ny — F) = 1.217 
n> « 


In particular, 


L"(0) = —8 = —1.217 (4.16) 


A graph of L’(n) is given in Fig. 1(a). 
of Eq. (4.15) is 


. * dm je : \ 
—2F"( | (1 — F’'L’)dn»s 
ad J, F"(m) \ = 7" 


M'(n) = 
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1-O, 
»§ 
L(2) Bg ges ee a 
\ LO 2-0/ 30 
Fs 
\ F i 
In particular, 
M"(0) = -2f (1 — F’L’)dn = —6.64 
0 
Thus, when é is small, 
~~ © (0.236 ] 4 | 286 (4.17) 
= 200 log .2o0 ne 
OY ly = 0+ £ 6 Ss : 


It is worth noticing that if z/x is small the component 
of the skin friction in the direction of z increasing is 
positive although the corresponding component of the 
velocity just outside the shear layer is negative. Fur- 
ther, the sideways force from the part of the plate de- 
fined by 0< x< 11,2 < 2< &, % > x is 


1.34 ul [xy (Se — 2) |' . (4.18) 


where yu is the coefficient of viscosity, and tends to in- 
finity with z. The edge contributes an infinite side- 
ways force in the strip 0 < x < x}. 


Consider now the equation for u*. Writing 


u* = 0.860 U(v/xU)'?(0/dn)G(n, —&) (4.19) 
we have from the equation of continuity 

_~ _ U608v[ 0G | 5.0G oH " 

y* = ; |" on + 2 dE —2 | (4.20) 
and depends not only on G but also on 77. From the 
boundary condition v* = 0 on the plate it follows that 

He. 0) = 0 (4.21) 


The differential equation satisfied by G is 


0°G LF OG OF. E O?F OF 4 7 
On? On” On On ~” LOE On? On Ondé 
du, 0°? F OH 
U, + 2¢ o i — (4.22) 
dé On” OF 
with boundary conditions 
G = 0G/0n = 0 at 17 = 0 
0G/On—> U, as 17> @ 
O0G/On~>0 as E> om (4.23) 


Again it is only necessary to consider the behavior of 


G when £ is large and when £ is small to form a picture of 


the shear layer. When éis large 


U, = +(0.848/rt!’”), H = —(1.854/r)t7'/F(n) 


from Eqs. (3.12), (4.11), and (4.21) and using an argu- 
ment similar to that used in deriving Eq. (4.11) 


G = —(0.848/mt'””)(nF’ + F) (4.24) 
when £ is large. Thus, 
Ouy* oan Los 
= — 0.23 ™ (4.25) 
Oy y = 04 ; (xz)! . 


When ¢ is small 


¢ a 
-( log > + 1), 
£ (to £ +1) 
l g 


l 
H = — log- L(n) + - M(n) 
T S T 


U; = = 


and referring to Eq. (4.22) we see that the most im- 
portant contribution to “~* when £ is small comes from 
HH; to find it write 

(4.26)T 


G = (2/rt)P(n) 
when 


Pp’ + FP" — FP’ + 2PF" = —F'L (4.27) 


with P(0O) = P’(0) = P’(o) = 0. 
It is found by numerical integration that 


P’(0O) = —0.198 P(o) = —0.383 


A graph of P’(n) is given in Fig. 1(b). The compo- 
nent (in the direction of the main stream) of the skin 
friction due to the secondary shear layer is 


ou* _ pU 
= —V.U0/6 4 


m (4.28) 
oy y = O+ s 


Just as with the sideways component of the skin 


tIt is noted that the corresponding result (5.7) in reference 4 is 
incorrect due to the omission of the effect of the overall velocity 
distribution outside the shear layer on the flow near — = 0 


The correct result is 


U2’ = (3.708n/ 22x?) (Uvt)” %e 7 when € is small 
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friction, the behavior of Ou*, oy, - 0+ when é is large 
means that the defect in the skin-friction component 
in the main stream direction, due to the secondary shear 
layer, in the strip 


. ce Baie EK 


0.924 wU[xi(g2 — 2) )'”? (4.29) 
and tends to infinity with z. Both (4.18) and (4.29) 
are substantially in agreement with the results of refer- 
ence 4 using the model Oseen equations. The diver- 
gence between the characters of the two secondary shear 
layers starts when £ is no longer large, because when the 
full Navier-Stokes equations are used there is a coupling 
between (4.3) and (4.4) via the equation of continuity. 
In the Oseen form no coupling occurred. This coupling 
gets progressively stronger as £ decreases until, when & is 
very small and we are approaching the neighborhood of 
the side edge, the behavior of w* controls the behavior 
of u* (but not vice versa). In addition the skin- 
friction component given by Eq. (4.28) is not integrable 
with respect to zs at z = 0. This does not mean that 
the force is infinite, but that the additional force due 
to the secondary shear layer is of lower order than would 
otherwise be expected. If the secondary shear layer 
extends from z = 6 > 0 toz = © where 6 is a function 
of x to be determined, 0 < z < 6 being a region where 
the approximations of this layer do not apply, the con- 
tribution to the skin friction from 


0< tl my, 62. 5 < & 


0.077 pUx, log 6 + O(uU} x22} '/”) (4.30) 


As we shall see below and as may be anticipated from 
the solution of Oseen’s equations 


6 = O,(v'””) (4.31) 


where the subscript / means that there is an unspeci- 
fied power of log vy multiplying v'/*. Substituting in 
(4.30) it follows that the contribution to the skin friction 
is 


—0.077 wUx, log (Ux/v) [1 + 0(1)] (4.32) 


from the secondary shear layer. 


(5) The Flow Near the Leading Edge Excluding 
the Corner Region 


The two-dimensional flow near the leading edge of a 
flat plate has to date proved too difficult to solve even 
numerically, and so we can have no hope of solving the 
problem with the added complication of a corner. Our 
sole purpose here is to show that in fact the flow near 
the leading edge of a quarter-infinite plate is related in 
a simple manner to the flow near the leading edge of a 
semi-infinite plate. 

Near the leading edge it is no longer permissible to 
neglect 0/Ox in comparison with 0/dy. However, 
since we exclude the corner region, 0/0z is smaller than 


AEROSPACE SCIENCES- 


JANUARY, 1961 
either of these operators and is in fact O(1). Accord- 
ingly, the term Ow/0Oz drops out of the equation of 
continuity and also all explicit dependence on z in the 
The governing equations for u, v 
The boundary 


equations for w, v. 
are then identical with Eqs. (2.1)—(2.3). 
conditions are slightly different, however, in that the 
fluid velocity just outside the leading region and the 
shear layer has a component in the x direction equal to 


U}1 + 0.232(v/Usz)'/*} (5.1) 


instead of U in the strict two-dimensional case. How- 
ever, z may be taken as a parameter in Eqs. (2.1)—(2.3) 


so that the change expressed by (5.1) is only one of 


scale. Having obtained uw and v, w may be found by 
solving 
Ow Ow 1 Op Ow dw 7 
u TT? = — +» = z (5.2) 
Ox oy p Oz Ox? Oy? 


where / is found with w, v, subject to the boundary con- 
ditions w = 0 on the plate and 


? 


—— y 1/2 
w—> 0.5071 ( / 
xl 


(6) The Flow Near the Side Edge, Excluding the 
Corner Region 


as y—> &, 
i 

Near the side edge (z = (0) but away from the corner} 
(x = zg = 0) the governing equations are necessarily} 
very complicated, for in addition to rapid changes} 
taking place in the y direction they must also take place} 
in the z direction. Were it not for the presence of the 
logarithmic terms it would be possible to assert, in a} 
similar manner to the argument employed near the} 
leading edge, that 0/0z and 0/Oy were both of the same} 
order and large compared with 0/ox. In that case| 
the Navier-Stokes equations would be reduced to three} 
namely, the equation of continuity and the x com- 
ponents of the equations of momentum and vorticity} 
(the last two of these equations would be a little simpli-| 
fied). Further, a similarity solution could be found} 
in which all dependent variables were effectively func- 


U 1/2 U 1/2 
=y , Od=2\- 
rg 


However, the presence of the logarithmic terms in the 
potential and secondary shear layer solutions rules| 
out such a symmetrical and comparatively simple! 
approach and makes the complete determination of the 
flow pattern to O,(v'’”) in w into a formidable program] 
Nevertheless, it is possible to write down equations} 
of a boundary-layer type which describe the leading] 
term of the flow pattern near the side edge. 

First let us examine how the flow properties behave 
outside the neighborhood of the side edge as y* + 2° | 
0. In this investigation, which stems from the work in} 


tions of 


(6.1) 


only. 


| 
; 
; 
' 


f 
F 


res 
to 


sid 
O( 
in 
Th 


oO 


= 


is ( 


Cor 


whi 


z di 


as 1 


esse 
tint 


In t 
the 


alth 
pone 


so tl 
dom 


ccord- 
ion of 
in the 
ru, v 
indary 
at the 
nd the 
jual to 


(5.3) 


How- 
)—(2.3) 
one of 
ind by 


(5.2) 


‘y con- 


ig the; 
corner} 
onl 
hanges| 
e place} 
of the} 
t, in al 
ar the} 
e same 
it case 
o three} 
¢ com-} 
wrticity 
simpli- 
found} 





y func- 


(6.1) 


;in the 
s rules} 
simple} 
| of the 
ogram.| 
ations} 
leading} 


behave 
ie 


work in 









¥ 


VISCOUS FLOW 


Sections (2), (3), and (4), we are assuming that z/x = 
O(1) and then proceeding to the limit zs = 0. 

Outside the secondary shear layer the flow is domi- 
nated by the undisturbed flow together with the po- 
tential solution found in Section (3). 


Hence, asz—~> 0, 


0.860 /vpU\'?—_y2-+8? 
u—> U, wr~ log ———— (6.2) 
2a x 64x" 
and 
0.860 (2) aif 2,7) ' 
v~ \ tan F (6.3) 
2a x \ y af 


In the shear layer; i.e., as s — 0 from above with 


n = O(1), 


u—> UF'(n) + (vx/U)'?(U/s)P'(n) (6.4) 


w—> U(v/xU)'” log (z/8x) L’(n) (6.5) 
where P’(n), L/(n) are defined in Eqs. (4.27), (4.14), 
respectively. In Eqs. (6.2)—(6.5) all leading terms up 
to and including those O(v'’”) are given. 

Whatever the solution in the neighborhood of the 
side edge is, as we leave it the values of (uw, v, w) to 
O(r' ) must match up with Eqs. (6.2)—(6.5). In virtue 
of both (6.4) and (6.5) it follows that the length scale 
in the x direction is O(1), v being small, of course. 
The length scale in the z direction is a little harder 
to fix. It cannot be O(v'””), for that would mean w 
is O(y'/? log v) from (6.5); hence, from the equation of 
continuity, 


Ow/Oz = 0 


which leads to a contradiction. 
Accordingly, let us assume that the length scale in the 
z direction is 6 and, further, that 


9 
y\/?/§—> 0 


as y > (0. In order to get a reasonable solution it is 
essential that all three terms in the equation of con- 


tinuity be of the same order and hence that 


(6.6) 
In the x, zs components of the equation of momentum 
the only viscous term which survives is 


v(0?/dy")v (6.7) 


although all the inertia terms survive. The y com- 
ponent of the equation of momentum reduces to 


9 


op/dy = O(r'””) (6.8) 


so that we finally get, for the equations governing the 
dominant flow in the neighborhood of the side edge, 


ou 4 Ou 4 ou 1 Op i‘ O71 (6.9) 
1 v w—-=- S 
Ox oy Oz p Ox . oy? 
2 1 
O(v'/?) = — - > (6.10) 
p Oy 


PAST A QUARTER-INFINITE 


PLATE 


Ow Ow ow 1 Op O*w , 
u v w =- ‘c— i507 
Ox Oy Oz p Oz Oy? 
Ou Ov Ow 
= 0 (6.12) 


Ox r oy bd Oz 


These equations also govern the flow in a general three- 


dimensional boundary layer on a flat plate. The 
boundary conditions which we can specify are 
u=v=0 when x>0, y=0, 2>0 
Ou/Oy = v = Ow/dy = 0 
whenx>0, y=0, 2< 0 


Eq. (6.2) is satisfied as y —~ © for fixed z, x, and as 
z— —o for fixed y, x; (6.4), (6.5) is satisfied as z—~ © 
for fixed y, x. It must be remembered that the length 
scale in the z direction is very small so that z can be 
large on it but yet small on the length scale of the flow 
outside the neighborhood of the side edge. Setting 
z/6 = 2’ and supposing that z’ is of order one in the 


neighborhood of the side edge, it follows from (6.2), 
(6.5) that 


w = O(v'” log 8) (6.13) 
in the side edge region. Hence, from Eq. (6.6), 
6 = Av’? log 6 
where A is independent of v, whence 
6 = (1/2)Av'” log v-! + Av'” log log y=! +... 
Thus, as a first approximation, 
6 = O(v'” log v—) (6.14) 


and the terms neglected are of order v'/? log log y~'. 

Accordingly, as a first step let us eliminate the loga- 
rithm from the equations of motion and the boundary 
conditions by writing 


w= pw’ log (Ux/v), z= y)/22! log (Ux/v) (6.15) 


and throughout the new equations neglect all differenti- 
ations of log (Ux/v) with respect to x. Then Eqs. 
(6.9)—-(6.12) are unaltered except that w, z are replaced 


by w’, z’ and the pressure term in Eq. (6.11) becomes 


1 Op 1 al 
oe a 
p Oz’ v} log (Ux y)}2 )». 10) 


The boundary conditions on w are unaltered; on w’ 
they are as on w except that, when y is large on the 
scale of the side edge region, 


, 0.860 (2) ° 1 
w' = : x 
2r x log (Ux/v) 


y? + vs’*) log (Ux/v)}? 


log * 
6 64x? 


so that in the limit v ~ 0 


' 0.860 (/U\'? 
W = —_— 
2r \x 


other words, the leading term in the expansion of 


when y is large 


Ir 


_— 
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the z 
satisfy 


component of the velocity in terms of v must 


, ose 2)" 
os 
Ze \x 


With this boundary condition the way is clear to 
write a similarity form for u, w to satisfy the boundary 


(6.17) 


as y—> © 


conditions and (6.9)—(6.11). 


Write 
_  0860/U\'? — z 
™™ Qa (“) log (Ux/v) 
0.860U / v \'? 
2a (=) x 


( ; l *) OZ 
og 
v / On 


Then 


(6.18) 


OX 
u=l ; 
On 


w= — 
(6.19) 


where X, Z are functions of 7, ¢ only. 


vf OX 4 OX | 22 A ) 2 ai 
Uv = =~ 4 v4 4 
7 On ac acs \2Ux 


neglecting terms of order |log (Ux/v)}~!. 

Substituting into Eqs. (6.9)—(6.11) and neglecting 
all terms of higher order, by inverse powers of 
log (Ux/yv), than the leading term, we obtain 


07x O7X a. OX OZ | 
‘ + e \ « _ e ma — ye rf 
On? On? | ey or 
o2X f oX _dz2Z} . 
¢ 2 >= (6:21) 
Onde (On On f 
0°Z on 4... OX = | 
. ; 1x wir “eee + 
On* On’? or role 
OZ f, OX OZ \ OX OZ ; 
4¢ 2 = (6.22) 
dnae \° dn On f On On 


where the pressure terms have been written down using 
the properties of X, Z when 7 is large and the fact that 
the pressure change across the boundary layer is smaller 
by an inverse power of log (U/x/v) than the pressure 
change along it. The boundary conditions on X, Z 
reduce to 


Or _ OZ 
2 On On 


‘) 2 = = () 


when 7 = 0,¢>0 = (6.23) 


since the fluid on the plate is at rest; 


O7X OrZ 

Gi) Z=X =— =— =0 
On* On” 

(6.24) 


when 7 = 0,¢ < 0 


since on the plane y = 0 but off the plate the flow is 
symmetrical with respect to y and free from singulari 


ties; 

5 OX OZ 7 

(111) — |, —> | (6.25) 
On On 


as ¢ — — o for fixed 7 and as n ~ + = for fixed ¢ since 
away from the plate the flow must match up with the 
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potential solution as we leave the neighbourhood of 

the side edge: 

OX OF OZ OL 
— — 


, (6.26) 
On On On On 


(iv) 
as ¢—> + - for fixed n to match up with the flow in the 
secondary shear layer. 

It is noted that no attempt has been made to match 
the values of v determined from (6.20) with the values 
of v determined from the potential flow, as has been 
done with “, w. Such a match cannot be effected at 
this stage because of the parabolic nature of the equa- 
tion governing the dominant flow in the side-edge 
region. Presumably when the complete solution for w 
is found in the side edge region the matching of v will 
follow automatically. 

Even though the equations satisfied by X, Z are 
formally much simpler than those which would have 
governed the flow near the side edge had w not included 


a logarithmic term, they are still too hard to solve by | 


techniques known at present to the author. 
principally because they allow, over a certain range of 
values of £, small disturbances to propagate both in the 
direction of ¢ increasing and in the direction of ¢ 
decreasing. The pressure of boundary conditions at 
¢ = +o and até = 


suggests such a property and it may be seen from (6.21) | 


when written in the form 


07x orX {OX i oZ)\ = 

On* Onde v On ~ On f 
= (2 = +¢ i x) (6.27) 
On” oe ” 108 


This is | 


—o independent of each other | 


' 


As written the dominant terms are on the left; terms | 


on the right may be regarded merely as forcing terms. 
Eq. (6.27) is a parabolic equation for 0X /On, in which 
small disturbances diffuse in the n direction and propa- 
gate in the ¢ direction with a sense of direction given 


7 (: ox 49 ~) 
a * On |” On 


which may therefore be regarded as a sort of ‘‘coefficient 
of heat conduction.” If x > 0 a small disturbance 
propagates in the direction of ¢ increasing, and vice 
If, however, at a particular value of ¢, x changes | 


by the sign of 


(6.28) 


versa. 
from 0 to ©, propagation occurs in both senses of 
direction. 


The study of parabolic equations in which the sign | 
of the highest order derivative may change is very | 
much in its infancy at present. I know of no anaes 
or uniqueness theorems for even the simplest example | 
of the type. There are, however, several examples of | 
such equations in boundary-layer theory, among them | 
being the boundary-layer equations in a region of a 
reversed flow, the boundary-layer equations associated 
with the unsteady motion of bodies with sharp leading 
edges, and the boundary-layer equations associated 
with the motion of a gas in a shock tube after a dia- 
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VISCOUS FLOW PAST A 
phragm separating two regions at different pressures 
has been ruptured. All that has been done in these 
flow problems is to recognize the inherent difficulties 
of obtaining solutions and in some cases to attempt to 
show how the solution could be continued from the 
boundaries. Even this modest effort has not always 
been successful and there is no doubt that much re- 
mains to be done from a purely mathematical aspect 
before it will be possible to proceed with confidence 
in any of the boundary-layer problems so far encoun- 
tered. 

In the present problem all we shall do is indicate 
certain of the properties of X, Z which might be ex- 
pected to hold from our knowledge of parabolic equa- 
tions in which the sign of the highest order derivative 
When ¢ is large and negative, 


A=Z=9 


is constant. 


x = —(¢ + 2), and so propagation is in the direction 
of ¢ increasing. Accordingly, the velocity in the fluid 
at a large negative value of ¢ depends only on the 


boundary conditions at ny = 0,7 = © andat¢ = —o. 
We infer that for these values of ¢ 
X=Z=7 (6.29) 


and, continuing the argument as far as we can, Eq. 
(6.29) is the correct solution if 


o°< -2 (6.30) 


If ¢ > —2, toa first approximation x > 0, whence X, Z 
depend on boundary condition to the right of ¢ = 
—2;i.e., are independent of those at ¢ = —2. This 
does not seem very likely; it is more likely that, in a 
range of ¢ satisfying ¢ > —2, X, Z depend on condi- 
tions both to the right and to the left. Let us investi- 
gate the behavior of X, Z if ¢ + 21s small and positive, 
assuming that (6.29) is the correct first approximation. 
To find the second write 


X=nt+xX* Z=nt+2Z* (6.31) 
Neglecting squares and products of X*, Z* we have 
O2X * O2X * : 4 ») ‘ O2X* ‘ a ) 
J 1 < U7] — = (6.32 
On? Onde On? 
with solution 
oxX* sa rs 
= >} AG+2""—e*" ©6233) 
On n=0 dn 
where A, is an arbitrary function of 2 only. Further, 
oZ* o72* 49) 4 OZ* of . ax*® . 
ee a (¢ 2 n = 
On? * nde On? On On 
(6.34) 
with solution 
oZ* > B(¢ + 2)" ” aia ee Ox” (6.35) 
. = n ¢ 2) Dy e _—- die 0, 
On 0 dn” On 


where B, is an arbitrary function of m. These two 


sets of constants are quite indeterminate without mak- 
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ing use of the boundary conditions atf = +o. As- 
suming that velocity components are continuous at 


¢ = —2, when ¢ is just greater than —2, 


K= —(6 +2) +AlE + He"? +... 


and so if A; > 1 propagation {-wise takes place in the 
direction ¢ increasing near 7 = 0 and in the direction ¢ 
decreasing when 7 is large. At the same time there is 
diffusion in the n direction so that, in fact, propagation 
occurs both ways. 

The point ¢ = 0, n = O being the edge of the plate is 
of some interest. In virtue of the parabolic form of 
the equation we may expect there to be a singularity 
at this point but we cannot be sure about its form. If 
x > Oat ¢ = O, propagation would be to the right, X, 
and Z, would be smooth in ¢ < 0, and X,,, Z,, would 
have algebraic singularities with exponent —(1/2) at 
¢ = 0+, » = 0. Similarly, if « << 0 at ¢ = O, X,,, 
Z,, would be smooth in ¢ > 0 while X,, Z, would have 
algebraic singularities with exponent +(1/2) at ¢ = 
O—,7 = 0. However, it is more than likely that « will 
change sign for some y at ¢ = 0 in which case little is 
known about the behavior of X, Z near »n = ¢ = O. 
Possibly singularities occur at ¢ = O0+. 

Now consider the behavior of X,, Z, if ¢ is large and 
positive when « is certainly negative. Accordingly, dis- 


turbances propagate ¢-wise in the direction of ¢ de- 
creasing only and we infer that so long as x < 0 
X=fF, Z2=L (6.36) 


This state of affairs persists until 


—{(OF/On) — 2(0L/0n) = 0 


for some n 


and from the properties of L’ in (4.14), (4.16), and its 
graph (Fig 1) this first occurs at 


9=0, ¢ = 5.02 = fo 


The properties of X, Z as of functions of ¢, n for ¢ < 
may now be examined on the same terms as when [ = 
—2+. Indeed the form of the equation is closely 
similar to one occurring in the theory of the unsteady 
motion of a semi-infinite flat plate in a viscous fluid® 
and it is possible that the variable ¢ enters here via an 
essential singularity | the perturbation term being 
~exp + [A/(¢ — ¢o)*|} just as with the corresponding 
variable in that problem. However, the presence of 


the term 
on f .. OX OZ 
-in =f ~ 3 — 
On? or or 


in Eq. (6.18) together with a corresponding term in Eq. 
(6.20) adds greatly to the complication, and, in view 
of the admittedly speculative nature of the whole dis- 
cussion of the equations, it may be wiser not to pursue 
the matter further in this paper. 

To sum up, the most important contribution to the 
flow from the neighborhood of the side edge manifests 
itself in a flow of the shear layer type controlled by the 
usual conditions on the plate and a main stream in 


(6.37) 


which 
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7A 1/2 r 
; 0.860 fv Ux 
u=U, w=- l ( ) log 
2a xt v 


It is confined to the range of values of z 


0.860 / U\'? z 
—2< ( ) —— £ 5.02 (6.38) 
24 \vx log (Ux/v) 


Outside this region the dominant terms of the flow 
are given by the potential flow described in Section (3), 
if z is negative or if is large, and by the shear layer 
solutions of Sections (2) and (4) if zis positive and 7 is 
finite. 

In this region the governing equations are of the heat 
conduction type in which the coefficient of conductiv- 
ity changes sign. The components of skin friction are 


Pees is oie | (2) _ Ux\ 


in the x, z directions so that the contribution to the x 
component of the drag on the plate is 


a Ux 
O (0 Og ) 
Ux v 


and of the same order as that from the secondary shear 
layer. On the other hand, the contribution to the 
sideways force on the plate from the neighborhood of 
the side edge is negligible in comparison with that from 
the secondary shear layer. 

It is noted again that in the neighborhood of the 
side edge only the dominant terms have been discussed. 
This is in contrast to the corresponding discussion of the 
Oseen equation‘ in which a full solution to order v'/* was 
found. In that discussion it was pointed out that the 
description of the flow to order v'/” cannot be made 


(6.39) 
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using local considerations only; it is necessary first to 
look at the large scale properties of the flow outside 
the shear layer. However, the leading term of the ex- 
pansion of win terms of v near the side edge is 


Or? log v—') 


and depends on local conditions only. The same con- 
clusions can be drawn about the flow near the side 
edge using the full Navier-Stokes equations. Again 
it depends on the large scale properties of the flow and 
further since the velocity components are now fully 
interdependent even the determination of u to O,(1) 
can only be made once these are known. However, 
in the present paper, owing to the difficulties of obtain- 
ing the solution we are only able to write down the 
leading terms, which, as in the case of the Oseen equa- 
tions, are dependent only on local considerations. It 
can be expected that the next term of O,(1) in u and of 
O,(v'’”) in w will depend on the large scale properties of 


the flow. 
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Steady Creep Bending of a Nonhomogeneous 


Beam 


t 


JEROME L. SACKMAN* 
Institute of Flight Structures, Columbia University 


Summary 


The bending stress in a steadily creeping, linearly viscous beam 
(with a viscosity coefficient varying exponentially through the 
beam depth) is obtained by the use of the theory of generalized 
plane stress and compared to the solution based on elementary 
flexure theory. It is found that the smoother the bending mo- 
ment distribution, or the shallower the beam, the better does the 
elementary solution approximate the generalized plane stress solu- 
tion. Furthermore, the depth-to-span ratio below which the el- 
ementary theory isa good approximation depends not only on the 
parameter describing viscosity variation, but also on the face of 
the beam to which the load is applied. A useful and simple pa- 
rameter gauging the range of validity of elementary flexure theory 
is seen to be the ratio of the applied transverse load stress to the 
resulting longitudinal bending stress (based on elmentary theory ) 
at the loaded face of the beam. 


Symbois 

( = half-thickness of beam 

h = depth of beam 

L = half-wavelength of sinusoidally distributed trans 
verse load 

N = dimensionless parameter of viscosity variation 

u, t = velocities in the x and y directions 

u = maximum intensity of sinusoidally distributed 
transverse load stress 

v, y, s = Cartesian coordinates 

€,, €y = strain rate components in the x and y directions 

Yry = shearing strain rate component 

o;, ¢, = normal components of stress parallel to x and y axes 

Try = shearing stress component 


(17) 


ee bending stress from elementary theory, Eq. 


B = nondimensional beam depth; 6 = hk/L 
= nondimensional beam depth, reciprocal of nondi- 
mensional wavelength of sinusoidally distributed 
load; y = rh//2L 
n = coefficient of viscosity 
o,¢0 = fluidity; fluidity atx = 0; ¢ = 1/n 
é = nondimensional span coordinate; &§ = y/L 
c = nondimensional depth coordinate; ¢ = x/h 
V = Airy stress function 
M = bending moment 
Introduction 


i bee BENDING STRESS distribution in a nonhomogene- 
ous beam undergoing steady creep has been investi- 
gated in references 2 and 3 on the basis of elementary 
(Bernoulli-Euler) flexure theory. It is the purpose of 
this paper to investigate the limitations of this ele- 
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mentary solution for the case of a linearly viscous ma- 
terial having the same variation of the viscosity co- 
efficient as considered in references 2 and 3. Such a 
viscosity variation (exponential in the depth coordinate 
of the beam) could be caused by a linear temperature 
distribution across the beam depth. 

In this paper the theory of generalized plane stress is 
utilized to obtain the bending stress distribution in an 
infinitely long, thin, rectangular, transversely loaded 
This solution is then compared to 
The transverse load is taken 


beam (Figs. la, b). 
the elementary solution. 
to be sinusoidally distributed along the length of the 
beam, and can be considered as a typical harmonic of a 
more generally distributed load. If desired, the general- 
ized plane stress solution for a finite beam under general 
shear forces and bending moments at the ends and 
under a general distributed transverse load, can be 
constructed by summing the solutions of the infinite 
beam for suitably selected harmonics together with the 
(generalized plane stress) solutions for pure bending and 
for the cantilever under end load. The generalized 
plane stress solutions for the latter two cases are easily 
obtained, and coincide with the elementary solutions. 
k The present analysis shows that for smoothly varying 
bending moments, or for shallow beams, the elementary 
solution is adequate. Further, because of the asym- 
metry of the viscous properties about the mid-depth of 
the beam, the range in which the elementary solution 
becomes invalid depends not only on the parameter de- 
scribing the viscosity variation, but also on whether the 
load is acting on the top or bottom face of the beam. 
A simple means for determining whether elementary 
flexure theory is applicable in any particular case is af- 
forded by considering the ratio of the applied transverse 
load stress to the resulting (longitudinal) bending stress 
(based on elementary theory) at the loaded face of the 
beam. Whenever this ratio is much less than unity, 
the elementary solution is reliable. 


Solution 


Consider a beam, as shown in Figs. la,b, with a thick- 
ness 2c which is small compared to the beam dimensions 
in the xy plane. The equations governing the theory of 
generalized plane stress for such a steadily creeping, 
incompressible, linearly viscous body are the equilib- 
rium equations 


Or.2 + Try = Ol (1) 
Try.y + Fyy = OF 
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x | x 
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| 
=e ih ii = ——Z 
y re. z 2c 
L2c | 
Vyy= O,= 0, -WSINTY/L , ON xX = 0,h Viyy = O = -wsinty/L ,O, ON x = 0,f 
-Wxy = ty = o> ON x =0,h -Wxy = Txy = Oo . ON x =0,h 
Fic.la. Sinusoidal load on soft face. Fic. lb. Sinusoidal load on stiff face 
the strain rate-velocity relations 
N > 0), so that the bottom portion of the beam is more 
fe Te _™ we (2) rigid than the portion at the top. 
Vey = Uy TF %yz The beam is subjected to a transverse load varying 


and the (incompressible) strain rate-stress relations 


€ér = (1/6n)(20, — o,) 
ey = (1/6n)(20, — oz) 7 (3) 
Ya = (1/n) Try { 

where 7 is the (variable) viscosity coefficient. The 
comma notation denotes partial differentiation with 
respect to the variable indicated. Here o;, . . 
u, v represent the stress, strain rate and velocity com- 
ponents averaged over the thickness coordinate (z) of 
the beam, under the assumption that the normal stress 
component in the z direction vanishes throughout the 
beam. (See reference 4, section 2.23, for a derivation 
of the basic equations of generalized plane stress.) 
From Eqs. (2) the compatibility equation may be 


derived: 


= ae 


0 (4) 


Eqs. (1) imply the existence of the Airy stress function, 
YW, such that 


€xr.yy + €y,cr — Yry,zy = 


Or = Y ivy oy = WV cx Try = =—VT 4 (5) 


By substituting Eqs. (5) into Eqs. (3), and then this re- 
sult into Eq. (4), the governing differential equation is 
obtained as: 


Vi7(oV iV) ini (3/2) ((OY yy) xz — 
2(OV wry) zy + (OV 22) yy] = 0 (6) 


where ¢ = 1/n is the fluidity, and V,°V = V2. + Vy. 
(This equation has the same form as the homogeneous 
equation governing the bending of a plate of variable 
thickness; see reference 5, p. 195.) Choosing the same 
fluidity distribution as in references 2 and 3, 


= dy exp (Nx/h) (7) 
Eq. (6) reduces to 


Viiv + 2(N/A)V2V., + 
(N2/h2)[W.2r — (1/2)¥yy] = 0 (8) 


where Vi;‘V = Vi7(Vi°¥), ¢o is the (constant) fluidity at 
x = 0, xis the depth coordinate of the beam (Figs. la, b), 
his the total depth of the beam, and N is the parameter 
which describes the fluidity variation through the depth 
of the beam. As x increases, the fluidity increases (for 


sinusoidally along the span, as shown in Figs. la, b 


(where the boundary conditions are also given). For 
such a loading the stress function may be taken in the 


form 


V(x, vy) = f(x) sin ry/L (9) 


where L is the half-wavelength of the sinusoidally dis- | 
Eq. (8) then becomes (in nondimen- | 


tributed load. 
sional coordinates): 


Df + 2ND*f + (N? — 472)D%f — 


4Ny*Df + (N*y? + 4y4)f = 0 (10) 
where D is the operator d/df, § = x/h, and y = 
th/./2L. The general solution of Eq. (10) is 

‘ 
fe) = DL Asemié (11) | 


j=l 


where the m, are the roots of the characteristic equation | 


m+ + 2Nm* + (N? — 4y?)m? — 4Ny*m + 
(N?y? + 4y*) = 0 


n — N/2 yields a biquadratic 


(12) 


The substitution m = 
equation in m, and the four roots of Eq. (12) are then 
simply obtained: 


m1,2,34 = —(N/2)(1 + a + 1b) (13a) 
where 7 = 4/3 and 
a = [(1/2)(r + s)]” b = [(1/2)(r — s)]'” 
r = [1 + 32(y7?7/N?) + (13b) 


64(y!/N4)] 5 = 1+ 8(y2/N4) J 


Given particular values of y and JN, the roots are 
computed from Eqs. (13a, b), and the constants A, (j= 
1, 2, 3, 4) are computed from the traction boundary 
conditions at ¢ = 0, 1. The stress function is then 
known and the stress components are computed from 
Eqs. (5). This has been done for the case of a transverse 
load on the ‘‘soft’”’ face (¢ = 1), and on the “‘stiff’’ face 
(¢ = 0), as depicted in Figs. la and 1b, respectively. 
The bending stress (¢,) at the stiff face is shown in Fig. 2 
for two values of N and a wide range of y. 

General expressions for the stress components when 
0 < ¢ < 1 are more easily obtained if restrictions are 
made to cases where (V/y) > 1. The roots simplify: 
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m2 = —N[1 + (7/N)1| M34 = y[(387/N) + 2] (14) 
If y is further restricted such that exp (3y’/N) = 1, the expressions for the stress components simplify further. 
For example, when the load is on the stiff face, the bending stress becomes 
M(y)N? f ,, — ‘ _Y _ | 
;, = = —— a ees oc — sin yf | e@ — e—-| 7 — sin y cos y (sin yf + cos yf) + 
2ch2A’ | ¥ N 
7? i Seine ; oe 7) ae _ 2a 
v2 cos yf + sin y sin(y — yf) | + e — om” > + i cos of — sin yf] — 
N? Y 7 
N . Y° 3B3Y.. san N , 
sin 2y cos yf | + — e-*" | cos yf — — sin yf | — e Veto | cos ye — sin yo (15) 
27 N ' N v f 
where A’ = 1 — e~*[2 + (N?/y?) sin? y] + e-?’ and M(y) = (wh*c/y?) sin V2 yy/his the bending moment. When 


the load is on the soft face, 


i ; 
y miy — 4) — cose (y — WT 


? oY : ; ° , : 
Pia E sn +f — Vv cos x | m y+ e% sin y sin yf — y x 


N 


tr. 
7 sin y — . cos y} cos yf | — e UT? sin (y — yf) + cos (y — yf) (16) 
N oY f 


oe MN* vat - N : - Nae, ee 7 
1=- ach? A" || cos Cc — na sin a cos y + ve 
where M = —(wh’c/y?) sin V2 yy/h. These ap- 
proximations (evaluated at x = () are also shown in 
Fig. 2 (for N = 20), where it is seen that they yield 


good results within the restricted ranges of N and y 
stated above. As y ~ 0 (keeping / finite), both Eqs. 
(15 and 16) approach the elementary solution 


a = —MN?(1 — NE — (1+ N — Nog)e- id = 
2ch?A (17) 


where A = 1 — (2+ N*)e~* + e-?*. The elementary 
solution predicts for the maximum bending stress (at 
x = 0) 


oy |,-0 = —MN?[1 — (1 + N)e-*]/2ch?A (18) 


Because of the very simple analogy which exists be- 
tween nonhomogeneous viscous and elastic materials 
(reference 1, p. 10), the stress distribution obtained here 
is identical to that occurring in an (incompressible) 
elastic beam having a modulus of rigidity varying ex- 
ponentially through the beam depth. 


Discussion 


In Fig. 2 the elementary result, Eq. (18), is compared 
to the results from two-dimensional theory. It is seen 
that the smaller y is (i.e., the ‘‘shallower’’ the beam, or 
the ‘“‘smoother” the bending moment) the better is the 
elementary solution. This same general result was ob- 
tained in investigations of the limitations of the ele- 
mentary theory for elastic beams with homogeneous 
material properties. (Bear in mind that the approach 
of ¢, to a,” as L/h becomes large does not mean that 
the bending stress becomes linear through the beam 
depth, since the elementary solution, Eq. (17), is not 
linear through the beam depth.) 

From Fig. 2 it is seen that for loads on the stiff face, 
the larger N is, the larger y may be (i.e., the deeper the 
beam may be) before the elementary solution becomes 
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Bending stress at stiff face. 


invalid. This might have been predicted on the basis 
of a “‘strength boundary layer’ at the cold face intro- 
duced in reference 3. It was stated there that as N in- 
creases, the strength of the beam becomes concentrated 
in a thinner layer at the stiff side. [This is seen from the 
elementary solution, Eq. (17).] Thus there is effec- 
tively a homogeneous beam, shallower than the actual 
one, the material outside of the “‘strength boundary 
layer’ developing negligible stresses. As is already 
known from investigations of homogeneous materials,° 
for a given loading, the shallower the beam the better 
the elementary solution is expected to be. Hence (for 
a given loading), as N increases the shallower the beam 
effectively becomes, and thus the better is the elemen- 
tary solution. Therefore the larger N is, the larger y 
may be before the elementary solution breaks down. 
This is true as long as the load is applied directly to the 
“strength boundary layer’’ (i.e., to the stiff face). 

When the load is applied to the soft face it is seen that 
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Ic Nb/2 = 0, and thus for the homogeneous material there . 

aA 2 is no oscillatory solution and therefore no ‘‘peculiar”’ , 
stress distributions are obtained. Nb/2 will be large if 
[ tav/‘weosne both N and y¥ are large, and for this range of parameters 


stress distributions which oscillate through the thickness 
may be expected. 

In Fig. 3 such a stress distribution is shown for NV = 
20 and y = 2.5. Consider the portion of the beam be- 
tween y = QOandy = L. From Fig. 3 it is seen that the 
beam appears to divide itself into two parts. The upper 
portion of the beam has a stress distribution expected 

“20 STIFF FACE = -10 0 10 of a beam being bent downwards under a compressive | 
Fic. 3. Stress distribution; N = 20, y = 2.5. load at ¢ = 1, while the very lowest portion has a stress ee 
distribution expected of a beam being bent upwards | 4,.. 
under a tensile load at ¢ = 0.08. When the velocities | the 






o, / wSINTE 








as N increases the smaller y must be (i.e., the shallower 


the beam must be) in order that the elementary solution are computed it is found that the top portion of the ' of ¢ 
be valid. This too has a simple physical explanation. beam is moving downward under the compressive load | P#! 
In elementary theory it is assumed that the state of at ¢ = 1, while the bottom portion of the beam is ~~ 
stress is effectively uniaxial (and in the spanwise direc- moving upward (but at a velocity which is much less | ,.,;, 
tion). When conditions are such that this assumption than the downward velocity at ¢ = 1). It is further | the 


found that the horizontal component of the velocity, v, | are 
expected to fail. This will be the case when the direct in the upper portion of the beam is such that the ma- | 
stress (o,) becomes of the same order of magnitude as terial is flowing outward under the compressive load. | a 
the bending stress (o,) in the region under the trans- {That is, in the upper portion of the beam v < 0) for na 
verse load. Therefore the larger the ratio o,/¢, (in 0<y < L/2andv > 0 for L/2 < y < L.) Thus it § pitit 
the region under the transverse load) the poorer the appears that the softer material at the top of the beam, A 


is no longer valid, then the elementary theory can be 


elementary solution is expected to be. From Eq. (17) it in flowing outward from under the load, drags the i by : 
is seen that for a given loading on a given beam, the stiffer material at the very bottom of the beam upwards, “ten 
larger NV becomes, the smaller o, becomes at the soft thereby giving rise to the peculiar stress distribution of § ,,, ; 
face while the larger it becomes at the stiff face. Thus Fig. 3. ; suffi 
for a given transverse load on the soft face, the ratio A two-dimensional investigation could also have been | For 
o,/o, (under the load) increases with N, and hence the undertaken by applying the method of reference 6 to in fr 
elementary solution becomes poorer. Therefore as N in- Eq. (8). In such a case the solution for the bending | . 
creases, y is required to decrease in order that the ele- stress takes the form “ 
mentary solution be applicable. . o, = M(k)folt) + 62(d2M/dt2)folt) + the | 

It may be noted that the ratio o,/¢, (under the load) 4 B(d*M dé")f(e) + (19) | pilot 
decreases with increasing NV when the load is on the stiff lili at “oe 
face. Thus for loads on the stiff face, it can be predicted where 8B = h/L and ¢ = y/L. The first term in the{ Pees 


series (fo) represents the elementary solution, and) yaty, 
the higher-order terms may be regarded as corrections 
to the elementary theory. This form of the solution | 
allows one to draw some of the conclusions already | 


that the larger N, the better the elementary solution 
will be. This is consistent with the results discussed in 
a preceding paragraph. 

The ratio o,/o, is a simple means for measuring the 


validity of elementary flexure theory. It may be stated. It is seen that the shallower the beam or the} 
evaluated (under the transverse load) by the elementary smoother the bending moment, the better is the ele-| 
formulas, and whenever it is of the order of magnitude of mentary solution. The ratio of the elementary solution} 
unity, the elementary solution can be expected to be in to the first correction term is proportional to the onthe Vv 


error. This ratio can also be expected to be a good o,”/o,, and therefore this quantity is again seen to ‘ 
measure of the limitation of elementary flexure theory serve as a parameter for gauging the range of validity | 


even when nonlinear steady creep laws are utilized. of the elementary solution. Rec 
: . . ° Tr . PS . . ~ es OB 

A further comment is required with regard to Fig. 2. The heterogeneity of the viscosity coefficient [as} a 

It is noted that for N = 20, with the load on the soft given by Eq. (7)] upsets the symmetry of material Divis 

“i i Ss 


properties about the midheight of the beam. Therefore The 
the solution depends on whether the load is placed on} the Ir 
the top or bottom face of the beam. The elementary} Peopl 
term (Mfy) is the only term in the series (19) which is} ‘"® ™ 
independent of the face to which the load is applied. . 
matical basis from an inspection of the roots, Eqs. In order to study any interesting effects arising from lia 
(13a, b), which are seen to have an imaginary part, this unsymmetrical situation (or to study the range inf for un: 
Nb/2. When this quantity is large, the solution can be which the elementary solution is poor), it would bef The 
expected to be highly oscillatory in ¢. When NV = 0, (Continued on page 33) — 


face, the bending stress at x = 0 has the expected sign 
for small values of y, but changes sign for large values 
of y. Such a reversal in sign never occurs for the 
homogeneous material (V = 0). This peculiar phe- 
nomenon could have been predicted on a purely mathe- 
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Stability of Partially Controlled Motions of an 
Aircraft 


T. HACKER* 
Institute of Applied Mechanics of the Academy of the Rumanian People’s Republic 


Summary 


Based on the actual situation that the aircraft and the pilot 
form a single dynamic system, which as a whole must be stable 
(while the machine alone may be an unstable component of the 
flying system!'), this paper presents a method for approaching 
the problems of the stability of the partially controlled motions 
of an aircraft. The forces and moments brought into play by the 
pilot’s continuous intervention appear as random and unknown, 
but are approximate evaluation 
The assumption is made that their order of magnitude is deter- 


nevertheless susceptible of 


mined by the bounds within which the pilot is able to restrain 
the deviations he counteracts. Hence these forces and moments 
are small, provided that the above-mentioned bounds are suffi- 
ciently small. 

The problem is solved in principle, on the basis of stability 
under continuously acting disturbances. Then the theory is 
applied to a few particular cases of longitudinal and lateral sta 
bility of aircraft. 

As regards the longitudinal disturbed motion, it is shown that 
by simultaneous control of the pitch angle and the flight ve- 
locity, or even by adequate control of the pitch angle alone, the 
longitudinal stability is ensured for a wide range of flight regimes; 
on the other hand, constraining only the flight velocity is not 
sufficient to ensure stability in climb or even in level flight. 
For ensuring lateral stability when the basic motion is unstable 
in free flight, the present theory indicates the necessity of con- 
trolling the aircraft motion about its longitudinal axis 

Examples of calculations are included. 

In Appendix I a relation is deduced for determining how small 
the constrained variables should be as a consequence of the 
pilot’s intervention, in order that the free variables not exceed 
certain given bounds. 

In Appendix II certain ideas are presented for estimating the 
controllability of various kinematic parameters according to the 
nature and rapidity of their variation. 


Symbols 
t = aerodynamic time, dimensionless—independent 
variable in motion equations 
V = WVnaz = velocity of aircraft in undisturbed 
flight, m./sec. 
M = Mach number 
p = air density, kg.-sec.?/m.! 
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T 


angle of incidence in undisturbed flight, rad 


a 
upward inclination of flight path to the horizon- 
tal in undisturbed flight, rad 
6 angular pitch, rad 
AV AV/V or AV = AV/Vmaz; deviation of velocity 
in disturbed flight, dimensionless 
Aa, 6, deviations of angles of incidence, pitch, sideslip 
AB, Ad and roll, respectively, in disturbed flight, rad. 


Ap, Ag, Ar = 


deviations of rates of roll, pitch and yaw, respec- 


tively, in disturbed flight, dimensionless 


Ci nondimensional flight speed-dependent coeffi- 
cient of aircraft weight, equal to W('/2p V2S)7! 

g (k,/V)q or g (ky / Vmar 9; argument for partial 
derivative OC,,, /0g 

. k, da . k, da : 

a V dtai or @ Voc, dla.’ argument for 
partial derivative 0C»,/0& (tdim time, sec. ) 

CL lift coefficient 

Cp = drag coefficient 

Cu pitching-moment coefficient 

C7 nondimensional coefficient of thrust, C7 
T(?/ep V2S)— 

Cry nondimensional form of derivative O7/O0V 
(Cry = (OT/OV\)(pVS)™ 

a = rate of change of lateral force coefficient with 
sideslip angle 

Ca fie rates of change of rolling-moment coefficient 

Cig with angular velocity of roll, angular velocity 


of yaw and angle of sideslip, respectively, 
dimensionless 
idem for coefficient of yawing moment 


Crp 

W weight of aircraft, kg. 

S total wing area, sq. m. 

Ss, = §,/S = tailplane area, dimensionless 

b Wing span, m. 

ti = mean wing chord, m 

lt tail arm, m. 

or = distance between c.g. and thrust vector situated 
above the c.g., m 

T thrust, kg. 

Sr = sp/k, or 37 = r/c; nondimensional form of 
thrust-vector arm 

m total mass of aircraft, kg.-sec.?/m 

m relative density of aircraft, dimensionless 

k, radius of gyration of aircraft about lateral axis, 
m. 

bes tes 8 nondimensional moments of inertia in roll, 
pitch and yaw, respectively 

= nondimensional product of inertia about axes 


OZ and OX of the reference system of body 
axes through the c.g 


Introduction 


(1) 


HE DEFINITION GENERALLY ADOPTED for the dy- 
namic stability of aircraft does not take into account 


In other 


the pilot’s intervention to stabilize the flight. 
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words, the uncontrolled aircraft is the dynamic system 
whose stability is discussed. In compliance with such 
a definition, the stability criteria applied to the set of 
equations for the induced motion, e.g., the Routh- 
Hurwitz criteria, will indicate only a requirement of 
complete inherent stability* which, one may say, was 
given up from the very beginning of aircraft con- 
struction. 

Generally, it is not necessary that all the com- 
ponents of the solution of the disturbed motion equa- 
tions be stable, i.e., that the aircraft be stable with 
respect to all kinematic parameters characterizing the 
flight. In order to find criteria which would indicate 
stability with respect to only certain dynamic vari- 
ables, it is necessary either to solve the stability prob- 
lem separately for each disturbance element, or to 
abandon the conventional definition of aircraft stability 
and to include the stabilizing effect of controls within 
the dynamic system considered. 

The first possibility led to the study of some simpli- 
fied equations. This simplification consisted, on the 
one hand, of proceeding from only a few mathematical 
considerations and, on the other hand, of excluding 
in one way or in another those variables which it was 
thought a priori must behave in a certain manner. 
In this way, the longitudinal stability could be dealt 
with independently of the lateral stability, and within 
the longitudinal induced motion, the rapid incidence 
adjustment and the slow mode were discussed sepa- 
Thus a considerable simplification in the 
The differen- 
elements 


rately. 
analysis of various factors was obtained. 
tiated treatment of various disturbance 
through certain qualitative methods also proved to be 
possible in the following two cases: (1) in the case 
of a stable soJution when certain allowable bounds are 
sought on the values of both the initial and the con- 
tinuously acting disturbances (reference 2), and (2) 
in the case of an actual partial instability (reference 3). 

The second case leads along less trodden ways but is 
nevertheless sufficiently promising. 

As is known, the problem of the stability of an air- 
craft equipped with an automatic pilot led to the con- 
sideration of the machine cum monitoring device as a 
single dynamic system. It is to be noticed that since 
on one hand the aircraft cum automatic pilot system 
must stricto sensu be stable and since on the other 
hand the operation of a device lends itself more readily 
to mathematical description than does the human be- 
ing’s reactions, the stability problem is not to be solved 
through a separate investigation of the behavior of a 
part of the disturbance elements, but on the contrary 
through inclusion of the equations of the automatic 
device in the set of motion equations. In consequence, 
the mathematical problem as well as the calculus opera- 
tions become more cumbersome, owing to the occurrence 
of an additional number of degrees of freedom. 





* “Tf the solution of these linear equations of disturbances 
contains no unstable component, the system under investigation 
is said to be stable for small disturbances.”’ [The italics are 
ours (T. H.); quoted from reference 1, p. 113.] 
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When the stabilizing effect of the human pilot’s inter- 
vention is taken into account, such a treatment is not 
to be recommended. As response characteristics vary 
not only from pilot to pilot, but also in the same pilot 
according to his degree of fatigue, the inclusion of 
equations representing mean human reaction character- 
istics in the system would not lead to satisfactory re- 
sults. It is desirable that in considering the stabilizing 
intervention of the pilot, an accurate mathematical 
description not be necessary. 

S. Neumark suggested quite an ingenious procedure 
which avoids the above difficulty: he assumed that 
the pilot operates one of the controls 
of the usual variables, or a linear combination of them, 
equal to zero (or constant), while other elements of the 
disturbances are still free to vary according to the (suita- 
bly modified) system of dynamic equations” (reference 4, 
p.21). Forsuch an approach to lead to a simplification 
of the equation set, Neumark also assumed that the gear- 
ing of the control affects but one equation of the system 
i.e., as the system is a linearized one, in all equaticns 
except one the terms due to the pilot’s intervention 
are quantities of at least the second order of smallness 
in comparison with the deviation magnitude. Thus 
the order of the system drops by at least one and fur- 
thermore the remaining equations become simpler. 
“stability under constraint” 


‘so as to keep one 


The new concept of 
introduced by Neumark is of particular interest from 
the theoretical and practical point of view; but the 
simplifying assumptions made in view of a practical cal- 
culus procedure and which are not inherent to the con- 
cept itself diminish the probability of realizing in flight 
the ideal schemes constructed on such a basis. These 
assumptions are the following: (1) one of the variables 
is always kept constant or equal to zero; (2) to achieve 
this, only one simple control is used (e.g., elevator or 
throttle); and (3) the operation of this control affects 
but one of the linearized equations of the induced 
motion. 

The above assumptions are expected to be completely 
acceptable in some particular, simple cases. For such 
cases, the theory put forth by Neumark provides a 
convenient way for estimating the dynamic stability 
characteristics of an aircraft. 

In the following, a procedure will be presented which, 
by keeping the idea of considering the stability of par- 
tially controlled motions, will use as few assumptions as 
possible which are not directly derived from the actual 
phenomena investigated. It is obvious that thus the 
theory will become more complicated in some ways, but it 
will nevertheless provide a general method for approach- 
ing the problem of stability of partially controlled mo- 
tions of an aircraft, and some practical applications of 


great simplicity will result. 


(2) Some Remarks and Definitions 


Before discussing the main subject, it seems necessary 
to point out the sense in which the concept of stability 
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will be used in this paper. If the concept consecrated 
in the aeronautical literature is used, the mathematical 
statement of the problem is unavoidably restricted. 
Indeed, the stability concept accepted in this literature 
may be seen from the following quotation. 

“A given state of equilibrium at rest or in steady 
motion of a dynamical system is said to be stable when 
the influence of an imposed disturbing impulse, or force 
acting throughout a finite interval of time, ultimately 
becomes vanishingly small. Thus, stability is an at- 
tribute of the free motion which follows a disturb- 
ance .... Usually we are concerned with disturbances 
which are so small that the equations governing the 
motions of disturbances are linear. . . It must also 
be emphasized that the concept of stability only ap- 
plies to systems in equilibrium, at rest or in some regular 
motion, either free or with prescribed forces.”’ (reference 
1, page 115.) 

Accordingly, (1) the stability of only steady motions 
is considered; (2) the induced motion is examined only 
from the instant the disturbing random force ceases to 
act, the case of a disturbing random force acting 
throughout the induced motion being excluded; and 
(3) the disturbances are assumed to be sufficiently 
small that the small-deviation method may be applied 
and the linearized equation set may be considered. 

From these three particularizations it follows that 
if the motion discussed is stable, it represents either a 
pure subsidence or a purely damped oscillation, 1.e., 
it behaves asymptotically. In other words, an ampli- 
fication of the deviation at any stage of the induced 
motion is not to be expected. The above facts are due, 
to quote A. R. Collar, ‘‘to a fortuitous but fortunate 
property of linear equations with constant coefficients.’”® 

Nevertheless, as will be shown subsequently, the 
problem of stability of the partially controlled motions 
requires the presence, in the disturbed motion equa- 
tions, of some unknown variable terms representing 
random forces which are due to pilot’s intervention. 
Such terms will play the part of continuously acting 
disturbing forces. In addition, the theory presented in 
this paper applies to the general case of any steady or 
unsteady basic motion. For this reason, it is necessary 
to point out the sense in which we will use various no- 
tions related to the concept of the stability of a given 
motion or of a given particular solution of the motion 
equations. These mathematical concepts will have 
the meaning given by A. M. Liapounoff and his fol- 


lowers. * 


We present here a few mathematical definitions. 
Let 


Gx,/dt = Xdts %, .. . 5 La) (g = 3... ..; 8) (a) 


* See reference 6 and also references 7 (pp. 11-12, 16-17) and 
8 (pp. 187-188, 204). 

Readers may omit the following paragraphs (1)-(8) and the 
theorem; these have been included only for the benefit of those 
to whom the various mathematical notions employed in the 
present paper are unfamiliar. 
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be the system of the equations for the deviations induced by an 
initial disturbance, with X,(f; 0, oie 0. The solution 
MS =e =... Xe 0 corresponds to the basic (undisturbed ) 
motion. Let x, = x.(t; lo, X10, » Saas $ @ Use 


components of any solution of the system (a) 


, n, be the 


(1) The basic motion is said to be stable if for each «, > O and 
ty > O, there is a set of numbers 7,(«, » €n, fo) such that in 
equalities |x| < ys. imply x,(t; to, Xo, »Xn0) < €, fort > 

(2) The stability is said to be uniform if the numbers », do not 
depend upon fy. 

(3) If the basic motion is stable and if, in addition, for suffi 
ciently small initial conditions 

Min 2A tf: lo, Xu, - . «9 Sua 0, 
t— « 


then it is said to be asymptotically stable. 
(4) The basic motion is said to be uniformly-asymplotically 
stable if it is uniformly stable and if there is a set of numbers 6, 


and a function 7(e,, . , €n) such that 


%n| <8, & 20, t >be + T(a,..- ee) 
imply [x.(t; to, X10, .-~. Xn) < &. 
Now, in addition to Eqs. (a), the system 
dx,/dt = Xft; %,..., Sa) + RA&ts Xr, ... » Xa) (b) 


is considered, where the terms R, characterize the continuously 
acting disturbing factors. These generally unknown functions 
will be assumed to be sufficiently small in the sense required by 


the following definition. 


(5) The basic motion is said to be stable under continuously 
acting disturbances if there exist two sets of functions, p.(e,..., 
€n) and ns(e€,,..., €,), such that for any R,(t; x, , X,) provided 
that |R.| < p, and for any initial conditions x49 if |xs0 | 
solution ¥,(t; to, X10, . . . » Xno) Of system (b) satisfies the inequality 


< Ns, the 


,(t; to, X10, tel Se ftori>& 


(6) The function V(x, ... , %n) is said to be positive definite 
if it is positive for any x, and vanishes only when x, = %. =... = 
x, = O. (A similar definition applies to negative definite 


functions. ) 


(7) The function W(t; x, ..., Xn) is positive definite if there is 


a positive definite V(x,,...,X,) such that W(t; a,......3 t.) > 
V(x, ...%Xn), and is megative definite if W(t; m,...,%n) S — 
V(m,...,X,) in the range of definition. 


(8) The total derivative of a function W(t; x, ..., Xn) for the 


set (a) is defined as 


dW ow “~ ow 
= + X,{ — oe 


» Xn) 
dt ol 5a 1 OX 


A theorem concerning the stability under continuously acting 
disturbances will be used in the following section. This theorem, 
stated by I. G. Malkin,’ is given here without proof: 

Theorem. If the solution x, = x2. =... = x, = 0 of system 
(a) is uniformly-asymptotically stable, it will be stable under 
continuously acting disturbances [see system (b)]. 


In view of the important positive and especially the 
negative high accelerations that have lately come into 
use in flight techniques for aircraft, missiles and so on, 
several studies have been carried out with the aim of 
establishing the effect of motion unsteadiness upon the 
dynamic stability characteristics. Accordingly, the 
conventional definition of aircraft stability (see above), 
which includes only the case of steady basic motion, was 
to be extended. Such an extension of the concept of 
stick-fixed dynamic stability was stated in reference 10 
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and is reproduced as follows in a more general form*: 

When the basic motion is variable (unsteady), a 
scheme similar to that of the stick-fixed condition can 
be used. For this reason, the variation of the basic 
motion is considered as given a priori in the form of a 
flight program which the aircraft must observe. 
Thus by implication the law of the time variation of 
the positions (settings) of different controls is deter- 
It is assumed that this law of variation is 
i.€., 


mined. 
maintained even during the disturbed motion 
that the pilot does not try, after a disturbance, to re- 
store the aircraft to the motion prescribed by the 


program. 


3. Theoretical Solution of the Problem 


As mentioned earlier, the aircraft need not be stable 
in the generally accepted sense, i.e., as regards all kine- 
matic parameters in uncontrolled flight. The pilot, 
the stabilizer or the automatic pilot are continuously 
actuating the controls so as to ensure the flight sta- 
bilization. Thus the human pilot continually intervenes, 
even during flight through a generally still atmosphere, 
countering by very slight reflex movements the small 
accidental disturbances due to various factors (e.g., 
the slightly asymmetric working of the engines, mass 
displacements within the machine, gusts of small in- 
tensity or slight piloting errors). For this reason, the 
pilot is usually unaware of the existence of the slight 
instability of the free motion, e.g., a slight longitudinal 
oscillatory instability in the phugoid phase or a slight 
lateral spiral instability in the uncontrolled flight. 

Now it is obvious that, as the aircraft is stable as re- 
gards some of the motion parameters, the pilot does not 
have to counteract all the disturbance elements. Some 
of these simply could not be countered by the pilot, 
while the elimination of others would be an excessively 
fatiguing task. It is a question of the character and 
rapidity of the variation of the respective disturbance 
element. Thus, some kinematic parameters acted on 
by the disturbing phenomenon present variations whose 
nature (high-frequency oscillations) or rapidity make 
jt impossible for the pilot to restore the flight of the 
aircraft to its undisturbed values. With regard to 
these kinematic parameters the aircraft must defi- 
nitely be stable during the induced motion—that 
is, without the pilot’s intervention (1) the respec- 
tive deviations should ultimately decay and (2) they 
should not exceed, at any stage of the disturbed motion, 
certain values imposed by safety requirements. 

Accordingly, in investigating the stability of a 
piloted aircraft (or eventually, that of one equipped 
with an automatic stabilizer) under actual flight condi- 
tions, the first problem is to find those kinematic 
parameters with regard to which the aircraft must 
definitely be stable in uncontrolled flight, and those 
which may be controlled comfortably by the pilot. 





* The extension given in reference 10 concerns only certain 
longitudinal motions (reference 10, page 24) for the respective 
objects of study. 
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Throughout this paper, the deviations of the latter 
parameters will be denoted by x; and those of the 
former by y;. Together the deviations x; and y,; con- 
stitute the dynamic variables of the induced motion 
equations obtained as variation equations from the 
general equations of motion of the aircraft. 

For the present, it is assumed that in one way or 
another the variables x; and y, could be identified. 
Of the number u of dynamic variables, let k be the 
.., Rk) and m the 


As is known, 


number of variables x, (¢ = 1, 
number of variables y;(j7 = 1,... 
the equations of the free, induced motion may be 
written in the form 


» mM). 


dx,/dt = 
pC see 
dy,/dt = 
Y;(t; My oo 


> Xky Vy oo 


pe Nis Sd FS Dia 


meee 


where in general the right-hand sides X; and Y, are 


functions of time and the dynamic variables, which are 
expansible into power series with respect to the dynamic 
variables or at least have continuous first and second 
partial derivatives with respect to these variables.t 
These functions represent deviations (or increments) 
of some generalized external forces of a_ well-known 
nature. { 


—— 


ener errant) 


Further, it is assumed that the pilot by means of | 
various controls acts upon the variables x; and succeeds | 


in keeping their values sufficiently small.** 


As a con- | 


— 


sequence of the pilot’s intervention, let the variables x; | 


be bounded at any instant ¢ by some constant 


quantities f;, |x,(t)| < £:. 


Through the pilot’s intervention, the right-hand | 


sides of all the equations (3.1) will be modified, gener- 
ally speaking, and the set will thus become 


*» Ym) + 


2 ey Ym) 


dx,/dt = X(t; x1... Xe Wy -- 
RA: XMiy - 2 + » Ney Viy - 


Y(t; Miy - 2 0 y Xky Vy ay Ym) + 
» Xky Viy -- - 


R,,(t; Bip «ve 


(3 2a) 


dy,/dt = 


’ Vm ) 


In putting the system in this form, no assumption is 
made concerning either the duration of the effect of 
pilot’s intervention, or the instant at which he operates 


+ For the present, the general equations for any unsteady 
basic motion and nonlinearized induced motion are considered. 
In the case of a linearized system, the XY; and Y; stand for linear 
homogeneous functions of the dynamic variables x, ... , Xxx, 


(3.2b) 


M1, +--+» Ym Whose coefficients either depend on ¢ or, in the par- | 


ticular case of a steady basic motion, are constant. 

t Owing to the physical nature of these forces and in some cases 
to the fact that only small deviations are dealt with, the func- 
tions X; and Y; enjoy certain mathematical properties of regu- 
larity (i.e., continuity, differentiability, existence of a bound and 
of bounded partial derivatives, etc.), at least within the range 
and time interval considered. 
properties, some of the reasonings employed in this section would 
not be valid. In order to avoid, as far as possible, the use of 


mathematical notions, the enumeration of mathematical hy- 
potheses will be omitted whenever such omission does not lead 
will be 


to confusion -(e.g., in differentiating a function, it 
implicitly assumed that it is differentiable, etc. ). 
** Quantitative details are given in Appendix I. 
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the controls. The functions R,; and R,; represent 
generalized forces that are present following the gearing 
of controls. They are considered as unknown func- 
tions except that some assumptions are made that are 
compatible with the physical nature of the forces. 
Accordingly, it will be assumed that R,; and R,; enjoy 
certain mathematical properties of regularity similar 
to those of the functions X; and Y;, and that R,; and 
R,; vanish for any values of the variables ¢ and y,, if 
all of the variables x; are equal to zero. In a few 
cases, this assumption corresponds only approxi- 
mately to the actual situation, but in all practical 
cases the agreement is quite satisfactory. This hypo- 
thesis means, in fact, that the pilot, who intervenes 
immediately after a disturbance has modified a part or 
the whole of the parameters under his control, will 
cease to act at the exact instant when the respective 
parameters have returned to their undisturbed flight 
values. Since only deviations whose variat.ons are 
either aperiodic or oscillatory of low frequency are 
taken as x, variables, the agreement with actuality is 
good. 

It is to be noted that, strictly speaking, the present 
theory does not require that the functions K,; and 
R,; vanish for x) = x2. = =x, = 0. It is enough 
that these functions are small for small values of the 
arguments x;, e.g., that they satisfy a Lipschitz condi- 
tion with respect to these arguments. 

The assumption that R,j(t; x4, .. . 
is identically equal to zero when x; = x2 = ... = x, = 0, 
or that this function is small when x, x, ..., X, are 
small, might not be justified when there is a substantial 
lag in the operation of controls. Thus, for instance, in the 
case of thrust control of turbojet aircraft or aircraft 
with fixed-pitch propellers, the present method must 
be applied with caution. 

Further, Eqs. (3.2b), may be written as follows: 


» Kay Vis + 2 9 Jun) 


dy,/dt = Y,(t; 0,...,0, 91, ..-5 Ym) + 
Lf. eee eee 
V,(t; 0,...,0, Wy) -- + Ym) + 
R(t; X1y 2 0 2 gy Nyy Vay - ee 9 Vm) (3.3) 
or 
dy; ‘dt = Y,(t; 0, oo 0, Vi; in & eo Vm) + 
k F 
ce ss Dw 
xi 4— Rvide (3. 
u Van. (Yi + Rude (4) 


where the partial derivatives in the summation are taken 
for certain intermediate values of the variables x,. 

The sums on the right-hand side of Eqs. (3.4) appear 
as continuously acting disturbing forces. But it was 
shown* that the uniform asymptotic stability of the 
zero solution of the system, from which these terms 
were omitted, implies the stability of the solution when 
the system (3.4) is complete. 

Let 


* See the theorem stated in the previous section. 
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ae G.. «sis 2 RO V(t; Yu. + > Yu) 
and let the equations 
dy,/dt = V(t; iss. ¢ j = 1, 2, me (3d) 


be referred to as an auxiliary system. 

Then, the first result may be stated as follows: 
If the zero solution of the auxiliary system (3.5) is uni- 
formly-asymptotically stable, then the partially con- 
trolled basic motion of an aircraft is stable. Hence, 
the criteria for the uniform asymptotic stability of the 
imaginary basic motion described by the particular solu- 
tion y) = yo = = ¥m = 0 of the system (3.5) are 
at the same time stability criteria for the actual par- 
tially controlled motion of an aircraft, corresponding 
to the solution x, = "= -¥m = 0 of the 
system (3.4). Thus the problem of finding stability 
criteria is solved by means of the auxiliary system, the 
order of which is k degrees smaller than that of system 
which describes the actual disturbed motion (where k 
represents the number of kinematic parameters con- 
trolled by the pilot). In most practical cases, the in- 
vestigation of the solution of the auxiliary system may 
yield more than just the stability criteria. Indeed, in 
the case of a flight under conditions sufficiently quiet 
that not too severe interventions of the pilot are re- 
quired, the auxiliary system may in many respects 
successfully replace the system (3.4) which governs 
the actual motion. 

Thus the solution of the auxiliary system may fur- 
nish, to a very close approximation, indications of the 
velocity with which the disturbances decay, the oscilla- 
tory or nonoscillatory character of the deviation 
throughout the transitory motion induced by a dis- 
turbance, etc. 

As shown above, a complementary condition is, 
however, required by the present method. This con- 
sists in the fact that the additional terms of the system 
(3.4) must be sufficiently small—i.e., the pilot must 
ensure sufficiently small values for the upper bounds &; 
of the variables x;. 


=X = 


(4) Aircraft Stability in Several Particular Cases 
of Partially Controlled Motions 


In the following, a few practical applications will be 
presented to illustrate the manner in which the above 
method may be used. Naturally, the few cases dis- 
cussed herein far from exhaust the range of applications. 


Longitudinal Stability 

Referring the aircraft motion to wind axes, the 
variation equations which describe the longitudinal dis- 
turbed motion will be, as is known, of the formt 


t See the list of symbols. For details concerning the reduction 
of the dynamic equations to nondimensional form, see references 
10 and 11. In the numerical example given in this section, the 
reduction to nondimensional forms is carried cut as in reference 
12. The variation of lift and drag with angular velocities is 


disregarded. 
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ay(t)hAV + Q(t) Aa + (143(t) Ad fe 
F,(t; AV, Aa, Ad, AG) 

dAa/dt = dy(t)AV + de(t)Aa + do3(t)A@ + 


dAV /dt 


Aq + F(t; AV, Aa, Ad, Ag)+ (4.1) 
dAé/dt = Aq 
dAq/dt = ay(t)AV + ay(t)Aa + a43(t) AO + 
au(t)Ag + Fi(t; AV, Aa, AO, Aq) 
where 
an(t) = —V[2Cp + M(OCp/OM) + Cr, cos a] 
a(t) = V2[(0Cp ‘Oa) + Cr sin a — Cy cos y] 
ay3(t) = —V?Cyw cos y 
a(t) = —[2C, + M(0C,/0M) — 1/V(dy/dt)| 
ax(t) = —V[(0C,/0a) — Cy sin y] = 
— V(0C,/da) 
ao,(t) = —VCwsin y 
au(t) = V{ul2C, + M(OC,/9M) + ZCry,] — 
V(0C,,/0&)[2C, + M(OC,/0M) — 
1/V(dy/dt)]} 
aw(t) = V2{y(OC,/Ia) — V[(OC,/0«e) + 
Cr cos a — Cy sin v]} a 
V2[u(O0C,,/da) — V(dC,/da) | 
agy(t) = —V8Cw(OC,,/d%) sin y 
a(t) = V2[(OC,/dG) + (OC,/d%) | 


In the right-hand sides of the system (4.1), the linear 
terms are written separately, so that the functions F;, 
F,, and F, represent the respective nonlinear terms. 
For certain reasons such an arrangement of the equa- 
tions proves to be more convenient, since it makes it 
possible either to include the nonlinear terms in the 
additional terms /,, or to disregard them completely, as 
is currently done in the theory of aircraft stability. In 
both cases, as the auxiliary system [see Eq. (3.5)] a 
linearized system of the following form may be used: 


dy,/dt = ay(t)yr +... + Ajm(t)¥m (4.2) 


Case of Uniform Basic Motion 


If the undisturbed motion is a steady one, the right- 
hand sides of the equations of induced motion will not 
depend explicitly upon ¢. In other words, /\, /:, and 
F, will be functions only of the dynamic variables A V, 
Aa, Ad, and Ag, and the coefficients a;; of the linear 
terms will be constants. 

As the variation of the deviations of the incidence 
angle and angular velocity of pitch is generally rapid, 
i.e., oscillatory of high frequency, these deviations are 
in practice out of the pilot’s control. Accordingly, 
only three different cases will be considered here: 
(1) the pilot acts only upon the pitch angle; (2) the 
pilot keeps the flight speed within a sufficiently close 
neighborhood of its undisturbed value; and (3) the 
pilot gears the controls to act upon both the pitch 
angle and flight speed deviations. 

(a) Longitudinal Stability When the Pitch Angle Is 
Under the Pilot's Control—Assume that the pilot must 
maintain a small pitch-angle deviation. In this case, 
the linearized auxiliary system that furnishes stability 
criteria for the partially controlled motion will be 
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dAV/dt = ay, AV + ayda 
dda dt = dy AV + do Aa + Aq (4.3) 
dAq ‘dt => ay AV + dyAa + audg) 
for which the characteristic equation is 
AF + DAZ + HA + bs = O (4.4) 


with 
by = —(dy + G22 + a4) 
bs = 22044 — As. + Ay1(d22 + Ay) — Apa 
b3; = — (20044 — Ag.) + Q42(d24044 — 4) 


On comparing Eq. (4.4) with the characteristic equa- 
tion of the complete linearized system of the induced 
motion in uncontrolled flight, viz., 


At + ayd*? + aed? + asd + ay = O (4.5) 
in which 
a, = by, aa = bo, a3 = b; — (13029204) 
Qs = Q13(A21A42 — 4,022) 
it is readily seen that the coefficients of the (z — 1) 
and (7 — 2) powers (where represents the degree of 


the respective equations) are identical, while the 
coefficients of \”"~* differ very slightly for the two 
equations. Then, since a; is small in comparison with 
a, and dz, 6; will also be small compared with }, 
and bs, the following conclusion may immediately be 
drawn: 

It is known that the solution of Eq. (4.5) consists of a 
pair of roots numerically large in absolute value (cor- 
responding to the rapid mode of the induced motion) 
and a pair of roots numerically small in absolute value 
(the phugoid roots). According to the comparison 
made above, the pair of large roots reappears almost 
identically when the angle of pitch is controlled by the 
pilot. Hence, the rapid incidence adjustment and 
the rapid decay of the rate of pitch deviation are en- 
sured in this case of partially controlled motion. 

The third root of Eq. (4.4) will generally assume a 
small absolute value. This root may be taken in a 
first approximation as equal to —);/d». 
tive in all cases of practical importance, the relation 


As by is posi- 


bs = — (141 ( 22044 — 4) +} y0(o1044 — Ge) > 0 (4.6) 
which in most cases may be replaced by 
—A = 2Cp + M(0Cp OM) + Cr, cos a> 0 ( 1.7) 


gives a first, approximate indication concerning the 
stability in this case of partially controlled motion. 

It is readily seen that the inequality (4.7) is fulfilled 
when the drag coefficient is independent of, or in- 
creases with, the Mach number (since C7, cos a@ is 
negligible). It is to be noticed that under the same 
conditions, the basic motion of the uncontrolled air- 
craft may be unstable, since the free term of Eq. (4.5) 
may be negative. 

To illustrate the above conclusions, the following 
numerical example is considered. 

A fighter aircraft with the characteristics* 


* See reference 12, p. 391. 
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STABILITY OF 


I’ = 6,900 kg. ¢ = 185m: Zp = V.25 m. 
5 -=-21-7 a" S; = 3.8 m.? ky? = 3.48 m.? 
i, = 6 m, 


flies on a straight level path at a speed of 248 m./sec. 
The following data correspond to this flight regime: 


Cr = 0.1 OCp/0a = 0.057 
Cp = ().02 0Cp~p/OM = 0.088 
is = 1,360 kg. OC,p/OG = 0 
M = 0:74 
a=0 = 0.0131 rad. OC,,/0a = —0.17 
y = ( 
OC,/Oa = 5.12 
0C;/0M = 0.5 OCc,,/OM = —0.0615 
OC,/Og = 0 OC,,/0¢ = —5.9 

OC,,/0&® = —2.95 

(0/OM)(Cp — Cr) 0.141 
(0/0M)(Cn — ZrCr) = 0.0055 


Then the coefficients of the differential equation system 
of the longitudinal symmetric induced motion will be** 


ay = —0.104 Qo, = —0.57 dy = —11.30 
lo = 0.043 dx = —5.12 dg = —43.60 
sig ee _ (4,8) 
a3 = —(0.100 ao = Q) Qa43 = Q) 
aya = l ay = —9.6S 


and the roots of the characteristic equation 


At + 14.90A? + 94.66? + 9.29’ — 3.29 = 0 


Aig = —7.38 + 6.197 As = —0.267 Ag = +0.161 


Since one of the roots is positive (but small in value), 
the basic motion of the uncontrolled aircraft is slightly 
unstable. 

Consider now that the pilot maintains the aircraft 
attitude near that of the undisturbed flight. In this 
case, the condition (4.7) is fulfilled (a;,; = —0.104) and 
consequently the partially controlled motion is ex- 
pected to be stable. Indeed, the characteristic equa- 
tion of the auxiliary system (4.3) will be 


A? + 14.90A2 + 94.76A + 10.42 = 0 
and its roots: 


Are’ = —7.39 + 6.207 As’ = —0.112 


It is readily seen (1) that the pair of roots with large 
absolute values scarcely differs from that of the char- 
acteristic equation of the complete system, and thus 
the rapid incidence adjustment is ensured, and (2) 
that the partially controlled motion is stable, since the 
third root is negative. It is quite natural that the 
control of the pitch angle, which after the incidence 
adjustment results in the maintaining of a very nearly 
level path, excludes the phugoid oscillations thus 
causing the slow mode to degenerate in a pure subsi- 


dence. 


** For expressions of the coefficients a;; see reference 12, page 
380, and for the reduction to nondimensional forms see ibid., pages 
376-379. 
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(b) Longitudinal Stability When the Flight Velocity Is 
Under the Pilot’s Control—It is assumed that the pilot 
succeeds in maintaining at small values the flight 


velocity deviations induced by a disturbance. For 
this case the linearized auxiliary system will be 
dAa/dt = dxAa + a2;A0 + Ag } 
dAé/dt = Ag (4.9) 
dAg dt = adyAda + a4,A40 + uaa) 
with the characteristic equation 
AP + CA? + OA + 6; = O (4.10) 
where 
a=a+ ay 
Co = de + [Qj229 — (1\Q2 + aa) 143 | 
C3 = A22043 — 23042 


It is readily seen that the values of the coefficients of 
\* and \* are close enough to those of \* and A*, respec- 
tively, in the characteristic equation (4.5) of the com- 
plete system. Accordingly, Eq. (4.10) will yield for 
conventional flight regimes a complex pair of roots 
numerically large in absolute value, and thus the rapid 
incidence adjustment is ensured in this case also. 

In certain cases, however, it is not sufficient to con- 
trol only the flight speed, since the third root of the 
characteristic equation (4.10) may be positive. In- 
deed, for the incidence range below stalling, and for 
statically stable machines, the coefficients 

ax, = —[(O0C,/0a) + Cr cos a] 
and 


dy = p(OC,,/0a) — (OC,,/0&) [(OC_/Oa) + Cr cos a] 


are negative, * and hence the expressions 


— 234. = —Ay(Cp — Cr cos a) 
and 
29043 = A2(1/ty?)(OC,,/0&%)(Cp — Cr cos a) 
are of the same sign, namely, the sign of (Cp — Cy cos 


a). In compliance with one of the Routh-Hurwitz 
criteria for a negative third root, it is necessery that 
the free term of the characteristic equation be positive, 
that is, 


Cp — Cr cos a> 0 (4.11) 


It is readily seen that condition (4.11) is not fulfilled 
when the aircraft is on a climbing path. For level 
flight, as the free term vanishes (d2; = a4; = 0) one of 
the roots of the characteristic equation (4.10) of the 
auxiliary system will be zero. Considering the un- 
linearized auxiliary system, it is readily seen that the 
zero root leads in this case to instability,t even if the 


* For statically stable aircrafts the coefficient da is usually 
negative since the numerical value of yu is relatively large. 


{7 Concerning the method of investigating the stability of 
stationary motions when the characteristic equation of the 
linearized equation admits one root equal to zero, see reference 
6 and page 85 of reference 7. 
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continuously acting disturbing factor due to pilot’s 
intervention is not taken into account. 

Summing up, it can be said that for both climbing 
and level flights, stabilization through flight-speed 
control alone is insufficient. 

(c) Longitudinal Stability When Both Attitude and 
Flight Velocity Are Under the Pilot's Control—In this 
case the linearized auxiliary system becomes the well- 
known set of equations for pure short-period oscilla- 


tions, 
dAda/dt = axAa + Ag 1 , 
dAG/d! = dyAa + aydg f (4.12) 
with the characteristic equation 
N? -+ dA + do = 0 (4.13) 


where 


dy = a2 + [—ai1(d22 “du) + 4222 | 


dj = a, + ay 

It is known that for statically stable aircraft, Eq. 
(4.13) will have conjugate complex roots. Since their 
real parts are negative and large, rapid damping 
of the deviation of the incidence angle and of the rate 
of pitch is assured. These roots are generally slightly 
different from the numerically large pair of roots of 
Eq. (4.5). Resuming the above numerical example, 
the roots of Eq. (4.13), A12” = —7.40 + 6.202, are 
comparable with the numerically large roots of the 
characteristic equation for the system of disturbed 
motion in uncontrolled flight, A1,. = —7.38 + 6.197. 


Case of Nonuniform Basic Motion 
We consider here only the case of straight, level basic 
motion in which the pilot controls both the attitude and 
the velocity. 
In such a case, the linearized auxiliary system will 
be 
dda/dt = an(t)ka + AG 
dAq /dt = d42(t) Aa + ass(t) Ag § 


It was shown” that if the aircraft is statically stable 
throughout the range of all regimes proper to the given 
machine, then the zero solution of the system (4.14) 
may be unstable only in decelerated flight. For such 
a case a stability criterion was deduced” in the form of 
two inequalities both of which must be satisfied at any 
instant: 


(4.14) 


Q(t) < 0 a4a(t) = 14(d/dt) In [ —a4o(t) | < y (4.15) 


The inequalities (4.15) are fulfilled if the absolute 
value of the undisturbed acceleration does not exceed 
the magnitude ng, where g is the gravitational constant 


and* 
+ Co) | 


n= S 2 Vece’ min i if (Se 
Z Oa 
[— 7 (20 4 262) 
Og 0a 


W 
* By “min” is meant the smallest of the two bracketed values. 
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Lateral Stability 


As is known, the set of equations for lateral-anti- 
symmetric motion (deduced as variation equations from 
the set of motion equations referred to the body axes) 
may be written in the form 





dAp/dt = by(t)hAp + dy(t) AF + b43(t) AB 
ddr dt = b(t) Ap +- boo(t) A? + bo3(t) AB | 
dAB/dt = bs (t)Ap + byo(t) AF + (4.16) 
b33(t) AB + b34(t) Ad 
dAd/dt = by(thAp + by(t) A? 
where 
by = Ko(C,, + KiCy,) by = Ko(Ci, a KiC,,) 


bey = Ke(Cn, + K2C,,) bo» so Ki(Ci, + K2C,,) 


b3, = pa bx. = p 
bau = gb by = —yp tan OT 
bis = Ko(Ci, + KiCn,) 
bos = Ko(Cy, + K2Ci,) 
bys = 1 2Cy, bs = '/2C, 
with 
Ky = 1 — [(¢g2)?/t.4,] = 1, Ki = ty:/tz, Ke = t/t; 


Ci, = Ci,/tzs 
C.. bs, 


Cis — Ci, lry Ci, - Ci, z. 


_ Ce l Z 


a oe ‘ , , so 
Cay sak Crp ley Cw - Cn, B 


3 


With the possible exception of the controllability 
of the angular roll deviation, the lateral controllability 
for stabilizing the disturbed motion depends upon the 
imaginary part of the complex roots of the characteristic 
equation of the set governing the uncontrolled dis- 
turbed flight. Hence, the main parameter is the 
““weathercock stability”’ coefficient C,,- A large absolute 
value of this coefficient may lead to an excessively 
(The existence of static 
ng < ().) 

Since in the variation of the roll-angle deviation 
aperiodic modes generally prevail, this deviation may 
be countered successfully by the pilot in all practical 
cases. 


high oscillation frequency. 
weathercock stability corresponds to C. 


Case of Uniform Basic Motion 

Several particular cases of partially controlled motion 
will be discussed. 

(a) Lateral Stability When the Angle oj Sideslip Is 
Under the Pilot’s Control—The auxiliary system will 


be 
dAp ‘dt = by Ap > byA?r 
dAf/dt = by Ap a boo A? (4.17) 
dAd¢/dt = by Ap + by AP 


It is readily seen that the characteristic equation of 
the system yields a zero root. Consequently, the 
existence or nonexistence of stability will be indicated 


t The value of the pitch angle @ taken here is that correspond- 
ing to the undisturbed flight regime. 
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by higher-order terms in Ap, Af/, and Ag, by all the 
terms in Af, as well as by the terms representing the 
disturbing forces due to pilot’s intervention. Owing 
to the random character of the last terms, instable 
situations are likely to develop. Consequently, when 
the pilot acts only upon the sideslip angle, the stabili- 
zation is not completely ensured. 

(b) Lateral Stability When the Angle of Roll Is Under 
the Pilot’s Control—As is readily seen, the character- 
istic equation of the auxiliary system for this case, 

dAp/dt = by Ap + byAF + bisA8 | 
ddt/dt = by Ap + bwd? + bx3A8 
dAg dt = bs Ap + b32A? + bw ABS 
is somehow comparable to that of the complete system 
(4.16). Indeed, this equation may be written in the 


form 


(4.18) 


—AD(A) + dyL(A) = 0 (4.19) 


where D(A) = 0 represents the characteristic equation 
of the auxiliary system (4.18) and L(A) stands for a 
binomial of the first degree in A. On comparing the 
equation D(A) = 0 with Eq. (4.19), one may easily 
draw certain conclusions: 

As the coefficients of the high powers of ) are identical 
for the two equations, the numerically large real root 
of Eq. (4.19) will reappear almost unchanged in the 
solution of the characteristic equation of the auxiliary 
system. 

It should be noticed that the numerically small real 
root of Eq. (4.19), which may assume a positive value 
and thus lead to the instability of the uncontrolled 
aircraft, no longer appears. Thus the partially con- 
trolled motion is entirely stable. 

(c) Lateral Stability When Both Sideslip and Roll 
Angles Are Under the Pilot’s Control—Here the auxil- 
iary system is of the second order: 


dAp dt = by Ap + biAr\ 
dAr/dt = by Ap + bovAPf 


Since bj, = C), is large in comparison with bj. = C,, and 
ba = C,,, the characteristic equation of the system 
(4.20) will yield two real roots. In order that both of 
them be negative, it is required either that },2b2,; < 0 or, 
if Dyobe, > 0, that bi:b22> by2bo. 

(d) Lateral Stability When the Sideslip Angle and the 
Rate of Yaw Are Under the Pilot’s Control—As is readily 
seen, the zero solution of the auxiliary system 


dAp ‘at = budpl 
dAd/dt = byApf 


(4.20) 


(4.21) 


cannot be uniformly-asymptotically stable but may 
enjoy simple stability. Consequently, it cannot pro- 
vide valid conclusions as regards the actual partially 
controlled motion. 

(e) Lateral Stability When the Roll Angle and Its Time 


Rate of Change Are Under the Pilot’s Control—The 
characteristic equation of the auxiliary system 
dAf/dt = baeA* + b3A8 (4.22) 
dAB/dt = bx.A? + b3;48 
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yields complex roots for conventional values of the 


“weathercock stability’’ coefficient. Since the real 

part is in all cases negative, the partially controlled 

motion is stable. 
Numerical example: 


following characteristics :* 


Consider a machine having the 


W = 5,000 kg. S = 20m.2 5b = 10m. 


I 


0.05 1, = 0.2 ter = 0.001 


ly 


The aircraft climbs on a straight path at about 5,000 
m. with a constant speed of V = 258 m./sec. The 


following data correspond to this regime :** 


a = 0.0525 C,, = —8.0 
tan 0 = 0.08 C, = —2.0 
Ce =0.2 Ci, = —(0.6 
C,, = —0.13 Ko = 1 

Cc. = —0.75 K, = 0.02 
Cig = —0.60 Ky = 0.005 


Then the coefficients of system (4.16) will assume the 


values 


by, = —8.00 by = —2.015 bs; = —0.612 
bo, = —0.170 bo. = —0.760 bo; = —0.603 
bs, = +3.57 by. = +68.0 bs3 = —0.15 
by = +68.0 by = —5.44 bs, = +0.1 


and the roots of its characteristic equation 
At + 8.913 + 50.30A2 + 323.00A — 7.70 = 0 
will take the values 


A = —7.8 A» = +0.0238 Azq = —0.567 + 6.412 


Hence it is likely that in uncontrolled flight the air- 
craft will enjoy a slight amount of spiral instability. 
When the angle ¢ is under the pilot’s control, the 
characteristic equation 
D(A) = —A*® — 8.91? — 50.30A — 319.10 = 0 


of the auxiliary system (4.18) admits the following 
three roots (which were calculated with the same degree 
of approximation as the preceding ones) : 


di’ = —7.74 ho3’ = —0.585 + 6.397 


As was to be expected, the numerically large real 
negative root is reproduced almost identically, the pair 
of complex roots reappears with a slight improvement 
of the damping decrement (i.e., the real part), while 
the numerically small root, to which the instability is 
due, no longer appears. Thus the zero solution of the 
auxiliary system (4.18) is uniformly-asymptotically 
stable and, accordingly, the actual partially controlled 


* See reference 12, page 466. 

** For reducing the dynamic equations of the lateral-anti- 
symmetric motion to nondimensional forms, the following units 
(scales) were used: force, '/2pV?S; moment, !/29V*Sb; angular 
velocity, 2Vb—'!; mass, '/2p.Sb; and time, m(pVS)~. 
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motion, with the pilot acting upon the roll angle, is 
stable. 

If the pilot holds under his control both the angle of 
roll and the angle of sideslip, the roots of the character- 
istic equation 


A? + 8.76 + 5.74 = 0 


of the auxiliary system are real and negative (A,” = 
—8.05, 42” = —0.71) and consequently the partially 
controlled motion is stable. 

Lastly, when the roll angle and the angular velocity 
of roll are controlled by the pilot, the respective char- 
acteristic equation admits the following pair of complex 
roots: Ay. = —0.455 + 6.351. This implies the sta- 
bility of the actual partially controlled basic motion. 
Considering the solution of the auxiliary system, we 
would expect the actual disturbed motion to be a 
damped oscillation of high frequency. 


Case of Nonuniform Basic Motion 
Only the case in which the pilot controls both the 
angle of roll and the angle of sideslip will be considered. 
A procedure similar to that given in reference 10 will 
be used. The linearized auxiliary system will be of 
the form 


dAp/dt = bu(t)Ap + by2(t) AFL 4.93) 
dd? ‘dt = bo (t) Ap op boo(t) Arf ( ae 


Let W(t; Ap, A?) = A(t) Ap? + B(t) AP? (4.24) 


be a positive definite quadratic form with the coeffi- 
cients A(t) and B(t) bounded for any ¢ > f. Insucha 
case, in compliance with I. G. Malkin’s theorem,* if 
the total derivative of the function W for the system 
(4.23) is negative definite, the zero solution is stable 
under continuously acting disturbances, i.e., the par- 
tially controlled basic motion is stable. 
As is known, the quadratic form** 


dW /dt = (A + 2Aby) Ap? + 
is negative definite if and only if the two characteristic 
roots of its matrix are negative. Hence, 
A + B + 2(Abu + Bb») < 0 \ (4:28) 
(Abi: + Bb)? < (A + 2Abu)(B + 2Bbn)f ~~ 
A sufficient stability condition may be obtained by 
setting A = B = const. Then, the inequalities (4.26) 
yield 


bu + be < 0 \ (4.27) 


(diz + ba)? < 4dd22 


The relations (4.27) may be written approximately 
as follows: 


G>+G <0 _} 
(Ci, + 0 < 4Ci,Cn,S 


The first of the inequalities (4.28) is always fulfilled. 


(4.28) 





* See reference 7, page 294. 
** Dotted symbols denote derivatives with respect to ¢. 
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If the second is also fulfilled at any instant ¢ > fo, then, 
in the case of an unsteady basic motion, the lateral 
stability of the partially controlled motion is ensured. 


Appendix I 


Limits of Applicability of the Theory 


As shown above, the theorem of stability under con- 
tinuously acting disturbances imposes a quantitative 
condition on these disturbances. Therefore one must 
determine whether the pilot can in practice ensure 
the fulfilment of this condition by gearing his controls. 
To this end, it is necessary to evaluate the functions 
ps(€1,..., €9) 1, which may be done for instance through 
the use of reasoning similar to that employed by I. G. 
Malkin in demonstrating one of his theorems of sta- 
bility under continuously acting disturbances. ft 

Consider the system [ef. Eqs. (3.4) and (3.5) | 
> ¥m) + 
R(t; Hip o © 


dy,/dt = V(t; y,, .. 


where Y,; may be written in the first approximation 
m 


as Y,(t; yn, » Ym) = Do Py(t)ys, and where R, 
s=1 


denotes the additional terms included in the right-hand 
sides of Eqs. (3.4): 


BE Wis 5. =, 455: Bby Bilge as 5 Dew 


k 
> x.{ (0/dx.)(¥y + R,;)} 


Ss] 


(A2) 


The functions R, satisfy for any ¢ > f, certain inequali- 
ties of the form 


R(t; Big oes » Vu) |< p, = const. (A3) 


oe 
Now, let W(t; 1, . . . ; Ym) be a positive definite func- 
tion (e.g., a quadratic form) ft whose total time deriva- 
tive for the system (3.5) is negative definite. Then, the 


evaluation of p,(e1, . . ., €,) will result from the condition 


Tt See Section 2, Definition (5). 

t See reference 7, 294, and also reference 2. Some allowable 
bounds for the values of the additional terms R, may be deter- 
mined also through another procedure. This procedure con- 
sists in evaluating the part contributed by these additional 
terms to the general solution of the equations of the induced 
motion, by means of the method of the variation of parameters 
(see, for instance, reference 13). 

tt Note. In the case of steady basic motion, the coefficients of 
the quadratic form W(,.. . 
dition that the total time derivative of W for the system which 
describes to a first approximation the motion induced by an 
initial disturbance (the homogeneous linear system with con- 
stant coefficients) is identically equal to a given negative definite 
quadratic form — V (e.g., —V = —> 4a"). 
W is uniquely determined, and if we assume that all the 
roots of the characteristic equation of the homogeneous linear 
system have negative real parts, this function will be positive 


» Ym) are determined from the con- 


The function 


definite. 

When the basic motion is unsteady, W functions will be em- 
ployed, e.g., functions of the form of those indicated in Section 4 
[see formula (4.24) ] or in reference 10. 
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STABILITY OF 


that at any point on the moving ellipsoid in the space 


of variables y,: W(t; 1, ..., ¥m) = C? where 


C* << eile: We hw. «sR 
t t 


y € 
and at any instant ¢ > 4), the inequalities 
;OW ow 
; +> (¥,+ op) t < 0) (A4) 
{ ol j=1 Oy; Iw ( 


are fulfilled, provided that the initial conditions satisfy 


the relation 


We tm :-<.tee) <— C (A5) 


Let ple, ..., €m) be the limit value obtained in this 


way for p;. Next, one may set [see Eq. (A2) | 


NG Riss <a Mey Gna ss Da |S 


ds lu.b. | O (A6) 


: (Y, + R, 
, : Ors 

where in the right-hand side, the maximum values or 
some other upper bounds of the partial derivatives in 
the respective range are taken. The values of such 
upper bounds, which deserve consideration only from 
the viewpoint of their orders of magnitude, may be 
estimated by analytical or experimental procedures. 
It is to be remembered that the constants &, represent 
orders of magnitude of the bounds within which the 
pilot is able to maintain the values of the dynamical 
variables. 

Considering now the linearized problem, as in the 
particular cases treated above the partial derivatives 
OY;/Ox 


linear terms in x,, 1.e., OY,/Ox, = 


reduce to the respective coefficients of the 

p,.(t), and hence 
formula (AG) may also be written 

; OR; 

R;| < > & lub. |p, + — 

s 1 Xs < &s Ox, 


Ve<e 
t>t? 


(A7) 


For the sake of simplicity, the linearized form is to be 
used. 

Consequently, by acting on some of the kinematic 
parameters, the pilot can ensure the stability of the 
complete motion of the aircraft if, as regards the order 


of magnitude, the inequalities 


ad OR 
>> é Lub. Dis + Sq Bley, ..:. 5 Ge) (AS) 
s=1 »<eé x 
engi 
i> to 
ee ee 2 ,m 


are satisfied. 


** Since a quadratic form is usually taken for the W function, 
in a sufficiently close neighborhood of the origin, in the space 


of y, variables, 


g.l.b. Wit: v1» - 9 ¥m) = Wit; Sp, - = « » Soe) 


(The abbreviations g.l.b. and l.u.b. stand for the greatest lower 
bound and the least upper bound, respectively. ) 
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CONTROLLED 


The meaning of formula (AS) is as follows: Let 
the bounds «, €, ..., €m, Within which it is necessary 
to maintain the values of the free variables, be given on 
the basis of practical considerations (such as accuracy 
of flight evolution, safety, comfort, and so on). Then 
formula (AS) indicates the required smallness of the 
bounds &, of the constrained variables due to the pilot’s 
intervention. The constants p,, are given as functions 
of the aircraft construction and of the undisturbed 
motion parameters, 0X;,/Ox, is evaluated according to 
the nature of the respective control, and j; is calculated 
as a function of &, e,..., €, through the mathematical 
procedure indicated above or through one similar to it. 
Thus, if sufficiently small values of £, cannot be ensured 
for given values of e; throughout the whole time in- 
terval of the disturbed motion, the existence of a solu- 
tion that is mathematically stable does not imply 
a sufficient smallness of values of the uncontrolled 
variables. 

Another important conclusion yielded by formula 
(A8) is that for a given aircraft and a given basic motion, 
the efficiency of the partial control depends not only 
upon the choice of the constrained variables but also 
upon the choice of the control. In other words, for 
the same basic motion, the same disturbance, and con- 
straint of the same variables, a certain control may 
prove efficient while another one may not. This con- 
clusion may readily be drawn from the fact that any 
control, in addition to affecting the variable for which 
it has been applied, unavoidably affects to a less or 
greater extent the other motion parameters also. If these 
secondary effects act in an unwanted sense and are 
too great, the condition (AS) may no longer be satisfied. 
Thus, for instance, the constraint of the pitch angle 
through thrust control may result in an undesirable 
deviation of the flight velocity as a secondary effect. 
In other cases, however, the secondary effects may act 
in the same sense as the principal effect, thus contribut- 
ing to the motion stabilization. For example, con- 
sider the case of the pilot controlling the pitch angle 
by means of the elevator, in the phugoid phase of 
longitudinally disturbed motion. The effect of this 
control on the flight velocity deviation, as well as that 
on the pitch angle deviation, is a stabilizing one. It is 
in this sense that one may speak of constraining the 
flight velocity through elevator control. Obviously, 
for each case the pilot selects rapidly, by reflex, the con- 
trol which ensures either favorable secondary effects or 
unfavorable ones with as low values as possible (e.g., such 
that the X,,, in a linear approximation, are independent 
of the variables y,). 

An analysis of the operation of various controls and 
of the aircraft response with regard to both the fulfil- 
ment of the assumption that the K,,(t; x1, . . . , Xk, V1, 

. . , Ym) are small for small values of x), x2, . . . X,, and 
the satisfaction of the inequalities (A8), would be a 
useful extension of the present paper. 
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Appendix IT 


Some Thoughts on Estimating the Character 
of the Variation of the Disturbance Elements 


The criterion indicating the controllability of a dis- 
turbance element is undoubtedly related to the time 
rate of change of the disturbance element. More 
exactly, at a given instant ¢ the pilot can counteract 
a given disturbance element if its time rate of change 
is sufficiently small and does not change in sign over a 
sufficiently large time interval. 

Since the value of the respective rate of change is 
given by the right-hand side of one of the equations of 
the induced motion, it is readily seen that in a suffi- 
ciently close neighborhood of the origin (in the space 
of the dynamic variables) the first of the above condi- 
tions coincides with the requirement that the degree of 
instability be slight.* The second condition coincides 
in certain particular cases (e.g., in the case of a steady 
basic motion) with that imposed by a sufficiently small 
oscillation frequency.** Throughout this section, the 
dynamic variables are assumed to be sufficiently regular 
functions of time so that, in the general case of any 
(unsteady) basic motion, this last condition may be 
replaced by that according to which the minimum 
interval between two consecutive zeros of the respec- 
tive variable is sufficiently large to ensure convenient 
piloting. 

At present, the author’s further investigations con- 
cern the problem of estimating the controllability of 
various kinematic parameters. Herewith is given the 
solution for a rather particular case, that in which the 
variables assumed to fall under the pilot’s control are 
separated from the others, and their variation is 
governed by a second-order equation. 

For definiteness, the behavior of variables AV and 
Aé@ during longitudinally symmetric motion will be 
considered. When the incidence adjustment has taken 
place, this motion, in the case of straight level basic 
motion, may be described approximately by the follow- 
ing system :T 


dAV dt = pu(t)AV os Pio(t) Ad 


4 a 
dA6/dt = py(thAV (A9) 


where the coefficients );;, expressed as functions of the 
coefficients of the system (4.1), are 


pu = Qu + ay2(an — Gy1141) ‘(dy — Ay) = ay 
Pr = a3 
pu = (Aads — G2204;)/ (A224 — a4) 


Such a system is obtained by assuming that during the 
phugoid phase the angle of incidence varies much more 
slowly than the pitch angle, and that the angular pitch- 
ing movement in its turn is sufficiently slow, that the 
second derivatives with respect to time may be neg- 

* For quantitive details see reference 1, page 5. 

** See reference 1. 

{| The assumption is made that for statically stable aircraft 
the two characteristic phases of the induced motion are present 
also when the basic motion is unsteady. 
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lected. In estimating the accuracy corresponding to 
these assumptions, the following should be noted. If 
Eq. (4.5) is the characteristic equation of the system 
that describes to a first approximation the complete 
longitudinal induced motion in the case of steady basic 
motion, then there is a linearized system corresponding 
to the above simplifying assumptions and having the 


following characteristic equation: 


Aor”? + aor + ay 0 (A10) 


Hence, the accuracy is better the larger the discrepancy 
between the values of the two pairs of roots of Eq 
(4.5). 

For the very important case of steady basic motion, 
the interval r between two consecutive zeros of any of 
the variables considered [when the roots of Eq. (A10) 
are complex] is constant and equal to the half period 
of oscillation 


Tv 


= (Al11) 
V[—Piwpa — (Pu/ 2)? 

For evaluating the minimum interval between two 
consecutive zeros of the variables AV and Aé in the 
general case of the unsteady basic motion, one may 
proceed as follows: 


Perform the substitution 


AV = tcosy Aé ¢ sin y (A12) 


Then the system (AQ) yields 


~ = pu cos? y — pu cos ysin Y — pp sin? p U 413) 
din ¢/dt = pu cos? Y + (py + pu) cos w sin yf © . 
It is readily seen that the time interval between two 
consecutive zeros of the deviations AV and A@é [see 
(A12)] will depend exclusively upon the function y. 
Only the case in which, at any instant, 
—pwpa — (pu/2)? > 0 
will be dealt with.t¢ Then, since py»(t) < 0, the matrix 
of the quadratic form with respect to cos y and sin y, 


pu cos? y — pucos ysin y — py sin? y (Al14) 


will admit only positive characteristic roots, and hence 
y will be an (strictly) function of f¢. 
Accordingly, the interval between two consecutive 
zeros of the functions AV’ and Aé will be given at any 
moment ¢ by the following equation in r: 


yt+r—-vH)=-7 


The lower bound of the interval 7(t) for ¢ > ft) can be 


increasing 


(A15) 


evaluated as follows: 

Let Ay(t) and A,,(t) be at any instant the numeri- 
cally large and small characteristic roots, respectively, 
of the matrix of the quadratic form in cos y and sin 


t In the case of nonoscillatory variation, which corresponds to 
real roots, the interval 7 during which the respective deviations 
change monotonically is naturally infinite. 

Tt The fulfilment of this condition in the case of steady basic 
motion ensures complex roots for the characteristic equation. 


(Continued on page 50) 
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-Inviscid-Incompressible-Flow Theory of Static 
Peripheral Jets in Proximity to the Ground 


nmrepe ie 


T. STRAND* 


Convair, A Dwision of General Dynamics Corporation 


Summary 


An “‘exact”’ flow theory of peripheral jets issuing symmetri- 
cally from a hovering aerial-ground vehicle is presented. The 
theory is exact insofar as no simplifying assumptions have been 
a solution of the governing inviscid, two- 
The results are 
The limit of 


made in obtaining 
dimensional hydrodynamical flow equations. 
valid for all jet thickness/vehicle height ratios 
applicability of existing theories (very low thickness/height 
Jet reaction, lift, and power coefficients for 
Lift augmenta- 


ratios) are defined. 

static conditions are introduce? and computed. 

tion and lift/power ratios are also calculated. 
Applications to three-dimensional vehicles with rotational 


symmetry are indicated. 


(1) Introduction 


‘bes PURPOSE of this article is to present an ‘‘exact”’ 
theory of static two-dimensional peripheral jets 
(Fig. 1) issuing symmetrically from a hovering aerial- 
ground vehicle. The theory is “exact’’ insofar as no 
simplifying assumptions of any kind have been made 
in the governing hydrodynamic equations. The theory 
is thus applicable to all jet thickness/vehicle height 
ratios. This is in contradistinction to the two theories 
presently available in this field, which are both limited 


4 
4 


to very low thickness/height ratius.! 

The first theory of 
peripheral jets issuing symmetrically from a hovering 
vehicle was apparently developed independently in 
The authors assumed that the lift 


elementary two-dimensional 


references | and 2. 
augmentation obtainable close to the ground could be 
calculated with sufficient accuracy by considering the 
In fact the jet thickness is not a 
Subsequent tests have 


jets to be very thin. 
parameter in this analysis. 
substantiated this initial analysis remarkably well in 
that the measured augmentation is about 80 per cent 
of the predicted values in the region of validity of the 
theory. The three most important relations of the 
theory, obtained by writing the equilibrium equation 
across the jet between centrifugal and pressure forces, 


are as follows: 


pi — po = j(1 — sin y)/h (1) 
L = 2j cos y + (fi: — poll (2) 
A = cos y + (1 — sin y)/(2h/I) (3 
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Diego. Now, 


~I 


where 
j = jet momentum, assumed constant along the jet 
po = ambient pressure 
fp: = base pressure 
h = vehicle height above the ground 
1 = vehicle length (see Fig. 1) 
y = jet exit angle, positive outboard from the verti- 


cal to the ground 
L = lift 
A = lift augmentation (L/2)) 


It is worth noting that Eq. (1) indicates that the base 
pressure increases without bounds as the vehicle height 
above the ground is decreased. Thus the lift would 
approach infinity as the vehicle height is reduced to 
zero. 

An improved theory which does consider the jet 
thickness and which correctly shows that the base pres- 
sure can never exceed the jet total head was subse- 
quently developed in references 3 and 4. According to 
these authors the analysis is valid for jet exit thickness 
vehicle height ratios (f,/h) less than unity. In fact, 
it will be shown here by the “‘exact’’ theory that their 
analysis is only valid for ¢,/h < 0.3 approximately. 
This is, however, still within the range of application of 
most of the present day aerial-ground vehicles. Be- 
cause of this and for completeness in presentation this 
theory will be reviewed below. 

Consider the jet thickness (¢,) to be constant between 
the exit from the vehicle and the point where the jet 
first touches the ground. In other words, assume that 
all contraction of the jet takes place along the ground. 














Peripheral jet (shaded area) in proximity to the ground 
two dimensions. 


Fic. 1. 
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The simplified force balance equation in the radial di- 
rection in a polar coordinate system, with 7 as the radial 
distance, is then simply 


dp/dr = pU?/r 


Here U is the velocity at the point in the jet where the 

pressure is p. The density (p) is assumed to be con- 

stant. Integration using the Bernoulli equation yields 

the velocity distribution across the jet: 

U l — t,/h 
-~ = —— : (4) 

Uo 1 — (t./h) sin y — (1 — sin y)(t./h)(y/t,) 


where Ly is the velocity corresponding to ambient pres- 
sure. The coordinate system employed is defined ‘n 
Fig. 1. In this case however, y is also any radial co- 
ordinate with origin on the interior jet boundary since 
all radial velocity distributions are identical. When y 
is zero, l’ = U;, (the jet velocity adjacent to the base 
region where the pressure is p;), and we have 


U,/Up = (1 — t./h)/[1 — (t./h) sin y] (5) 


The base pressure can now be calculated by substituting 
Eq. (5) into the following relation derived from the 
Bernoulli equation: 


(p. — po)/(H — po) = Uo)? (6) 
where /7/ is the jet total head. 

Next we shall deviate from references 3 and 4 by de- 
fining a few new nondimensional coefficients to aid in 
the interpretation of the theory. These coefficients 
are based upon the jet ‘‘free-stream’’ dynamic pressure 
(at infinity downstream). The dynamic pressure is, of 
course, equal to the difference between the total head 
and the ambient pressure, and is thus easily available 
in experimental undertakings. The coefficients have 
been barred to make them more easily distinguishable 
from those based upon the dynamic pressure in forward 


flight. The jet reaction, lift, and power coefficients are 
defined, respectively, as follows: 
C, = j/((1/2)pUv%e| (7) 
C, = L/[(1/2)pU.7!| (8) 
C, = P/{(1/2)eU0*/] (9) 


Then with the jet reaction calculated from 


te 
j= i) (bp — Pe + p U*)dy 


the lift from Eq. (2), and the power from 


(10) 


le 
P= 2 f [p — po + (1/2)p U?|U dy (11) 


it is easy to show that 


C, = [2h/l — (t./l) A + sin y)]/[h/l — (¢./l) sin y] 


(12) 
ci = 2(t, NC, 4 
{ (1 — sin y)[1 — 2(¢,//) cos y]) 
oF i > 13 
nine CET Por ee 
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2(h/l — t,/1) k 1—(t,/l) sin | 
= In (14) 
1 — sin y h/l — t,/l 


-JANUARY, 


p 


Note that the power may also be set equal to the kinetic 


energy at infinity downstream (p U,* fo), where to is the 
jet thickness at infinity. Hence, f// = C, 
jet contraction ratio becomes 


l) ek 


Next let us consider the lift augmentation ratio 
Some authors have defined this to be the ratio between 
the lift in the ground effect to the theoretical jet reac 
tion out of the ground effect. This concept of the aug- 
mentation is, however, not too useful as the experi- 
mental and the theoretical jet reactions out of the 
ground effect are quite different due to a viscous inter- 
action phenomenon which creates a low-pressure region 
between the two jets. 

Other authors have defined the augmentation to be 
the ratio of lift in the ground effect to the jet reaction 
out of the ground effect with the same amount of mass 
flow in both cases and without interference. This is 
the definition we shall use here as the mass flow (m2) 


2 and the 


is always directly measurable in experiments, and so is | 


the total head from which 


Uy = V(2/p)(H — po) 


Thus, 
L Ci. Cy 
A = 2 = = - { 16) 
m LU $(to/t.) (t./1) ZC, 
where m = 2 p Uj ty. Written this way it is seen that 


the lift augmentation is really not what the name indi- 
cates because the mass flow changes under the influence 
of the ground. Instead the augmentation is in fact 
half the free-stream velocity times the lift / power ratio 
Le., 

(17) 


Doi/ i... = 1,100 2 


This is very convenient because the lift/ power ratio 
is of utmost importance for aerial-ground vehicles while 
the theoretical lift augmentation is of only secondary 
interest. Most of the above relations are shown dotted 
on the figures for comparison with the exact theory. 

It may be noticed that all pertinent equations, except 
the lift expression, of this ‘‘thick’’ jet theory reduce to 
those of the simple ‘‘thin’’ jet theory of references | 
and 2 in the limit as ¢,/h approaches zero. As men- 
tioned previously, the ‘‘thick’’ jet theory exhibits some 
abnormalities, at the other end of the ¢,/h scale. Thus 
the lift/power ratio approaches infinity as the vehicle 
height approaches the jet thickness. This would be 
just what everybody working in the ground effect 
field has been looking for—if it is true. The difficulty 
was realized in reference 3. The author, however, dis- 
misses the point by suggesting that viscous effects will 
enter into the picture in such a manner that a purely 
nonviscous approach is no longer possible. This is not 
the case, as the following development will show. 
Rather the breakdown of the solution of the ‘‘thick’’ jet 
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FLOW THEORY OF 
theory as ¢,/h approaches unity from below is a result of 
the original simplifying assumption of constant jet 
thickness along the initial portion of the path. This 
will be evident from the “‘exact’’ development presented 


in the following section. 


(2) Exact Flow Solution 


Consider one of the two symmetrical two-dimensional 
peripheral jets of constant total head issuing from a 
The flow within the jet is to be con- 
sidered inviscid The 
under consideration is to determine the flow field —1.e., 


hovering vehicle. 
and incompressible. problem 
the magnitude and direction of the velocity vector at 
all points within the jet—when the vehicle height above 
the ground and the jet thickness at the exit are given. 
Specifically, we are interested in determining the veloc- 
ity vectors along the interior boundary of the jet and 
across the jet exit, because, if these are known, the lift 
augmentation and the lift/horsepower ratio can be cal- 
culated. The problem will be formulated as a bound- 
ary value problem and will be solved through the use of 
a conformal mapping scheme. We must then initially 
specify one flow property along each boundary of the 
jet. This means that we cannot start out by specifying 
the height and the jet thickness, but must first select 
a base pressure and then calculate the corresponding 
thickness/height ratio. 

Considering then the boundaries of the jet in Fig. 1, 
the pressures py and p; are known along Ay B and CD. 
The subscripts 0 and 1 will be used consistently to indi- 
cate conditions along the exterior and interior bound- 
aries, respectively. Along the boundaries BC and DA)’ 
the flow angles (direction of the velocity vectors) are 


known. We shall require the flow angles along BC to 
be zero—1i.e., the jet issues normal to the exit (if neces- 


sary this condition can be enforced by vanes placed 
This implies that the velocity poten- 
Since a poten- 


across the exit). 
tial (¢) is constant along this boundary. 
tial is only determined up to an arbitrary constant, we 
might as well select ¢ to be zero along BC. From Fig. 
| it is seen that the flow angle along DA)’ is (4/2 — y). 

The stream function (W) has arbitrarily been assigned 
the value zero along the inner jet boundary CDA,’, 
and the constant value a along AjB. The constant 
velocities U,; and Uy along CD and AB can be com- 
puted from the Bernoulli equation. If f is the jet 
width (so far unknown) at infinity it is seen that @ = 
U oto. 

With the boundary conditions thus clearly defined 
we may then proceed with a simple conformal mapping 
scheme involving three planes (Fig. 2). First the w 
plane (w = @ + 7) is mapped onto the first quadrant 
of the ¢ plane through the following Schwartz-Christof- 
fel transformation® 


¢ = cosh (rw/2a) (18) 


Next, the hodograph plane defined by Q = In (Up/q) + 
10 is mapped on to the same quadrant in the ¢ plane. 
Here (g, 9) is the velocity vector in polar coordinates at 
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Fic. 2. Conformal mapping planes. 
any point in the flow field. This transformation is ac 
complished by mapping the four corners of the large 
rectangle in Fig. 2, defined by the rectangle enclosing 
the flow field and its mirror image, on to the points + | 
and + 1/k on the real axis in the ¢ plane by the follow- 
ing general Schwartz-Christoffel transformation: 


i] dt 
Q = uf 7 +N 19) 
oVAL-e&)O1 — Rt?) 


Here, M/, N, and k are unknown constants that can be 
determined by the corner conditions of the transforma- 


tion to be 


M = (2/2 — y)/K’ (20) 


N=0 (21) 
K/K’ = In (Uo/U,)/(9/2 — y¥) (22) 
where 
K = K (k) = the complete elliptic integral of the 
first kind with modulus k where 
05 8s i 
K’ = K(k’) the complete elliptic integral of the 


first kind with modulus k’ where 


k? =1— R? 
Note that & must first be determined from the last 


above. The value of k so deter- 





equation [Eq. (22) 
mined can then be substituted into the expression for .1/. 
Eliminating ¢ between Eqs. (18) and (19) we have 


ss E 2—- ere /2a) dt 
, K’ 0 Vii — #)(1 — kt) 


(23) 
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Fic. 3. Sample velocity distribution across jet exit; ¢./h 0.5. 


This relation then yields complete information about 
the jet velocity (magnitude and angle) as a function of 
the velocity potential and the stream function. 

Next we shall establish the connection between the 
velocity potential and the stream function, and the x 
and y coordinates. The simplest way to do this is to 
use the chain rule to obtain expressions for the total 
derivatives of the velocity potential and the stream 
function, and subsequently solve for dx and dy. Then 
making the variables nondimensional by dividing by 
the volume flow a, and multiplying by lo, we find 


d(x/to.) = (Uo/q) {cos 0-d(¢/a) — sin 0.d(y/a) | 
d(y/to) = (Uo/q)(sin 6.d(¢/a) + cos 6.d(y/a) | 
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In the following development we shall restrict our 
attention to the flow field along the two lines BC and 
CD. It will be shown that by determining the flow 
variables along these two lines we can extract all infor 
mation needed to calculate the lift of the vehicle and 
the power required to sustain the flow. Let us first 


Along this line both the flow 
Thus, by 


consider the line BC. 
angle and the velocity potential are zero. 
Eq. (23), 


(In U0/des) = [(4 = —_ Y) K’] a 


i (wy /2a) dt 
‘ V(1 — (1 — &) 


which can be reduced to the following tabulated stand 


(26) 


ard form: 


dcr Uo = 

exp }—(a/2 — y) F[k, (#/2)(1 — W/a)]/K’} (27) 
Here Fk, (7/2)(1 — y/a)| indicates the incomplete 
elliptic integral of the first kind with modulus k and 
amplitude (7/2)(1 — y/a). By substitution into Eq. 


(25) and integrating from 0 to ~/a we obtain 


y/a 
Voer/lo = f exp (4 2—y7) &X 


F [k, (r/2)(1 — W/a)\/K'jd (v/a) 


(28) 


The maximum value of ¥/a along BC is of course 
unity. Letting ¢, be the length of BC, it is seen that 
when y¥/a = 1, vy = ¢, and hence Eq. (28) becomes 


*1 
t,/ to | exp ,(1/2 — y) X 
/7 
F[ko(r/2)(1 — y/a)|/K'\d(p/a) (29) 
Dividing Eq. (28) by Eq. (29), f) is eliminated and we 


have 
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exp | (7/2 — y)F[k, (#/2)(1 — ¥/a)|/K'\d(y/a) 


Ves/t, 


This is then the nondimensional distance along the jet 
exit from the origin of our coordinate system to the 
point where the nondimensional velocity is ges/U 
[Eq. (27)|. A plot of the velocity distribution across 
the jet exit for three different jet exit angles—-namely, 
1 0°, —30°, and —60° for a constant value of the 
0.5 (the equation of which is deter- 
It is seen that 


parameter ¢,// 
mined below) 
directing the jet inward while keeping the jet exit 


is presented in Fig. 3. 


geometry and the vehicle height constant results in 
increased base pressure as evidenced by the decrease in 
the minimum value of geg/U>. Notice that the mass 
flow is also decreased. At the same time the vertical 
component of the jet reaction is of course decreased. 

The jet contraction ratio [Eq. (29)] is presented in 
Fig. 4 and compared with the simplified theory men- 
tioned in the Introduction. The two theories are for 
practical purposes identical up through a ¢,/h of 0.3 

Next, let us consider the boundary CD along which 
the velocity is l;. Here the stream function is equal 
to zero. From the imaginary part of Eq. (23) we then 
have 


6cp = [(w/2 — y)/K'] X 
ecosh (r¢/2a) dt 
| = (31) 
Jy V (2 — 1)(1 — kt?) 
A reduction to standard tabulated form yields 


Gop (7/2 — y) X 
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30) 


+] 
exp i(a/2 — y)FIlk,(r/2)0 — p/a)] K'|d(/a) 


JET REACTION 


NOTE: €. 


—IMPLIED BY THEORY 
OF REFS. 3 AND 4 (EQ. 12 
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The coordinates of the point in the flow field where 
the angle of the velocity vector is @¢p can be obtained 


by integrating Eqs. (24) and (25). Thus, 


¢/a 
Xep/ty = (U/U) [ COS ben d (¢/a) 


%d/a 
Ven lo = (Up U;) | sin Oep d (p/a) (34) 


The nominal nondimensional height of the vehicle 


above the ground (Fig. 1) is now 


Ji _ PF | sin! (i V1 — R cosh? (7*))] ra h/t) = (cos Y)(Xep/to)maz + 
k 2a / (sin y)[t./to — (Yeo/to)maz| (35) 
(32) 
Note that the inverse of this relation may also be con- 
where 0S ¢/a < (2/m) cosh™ (1/k) sidered to be a jet contraction ratio (Fig. 4). Dividing 
———_ through by ¢,/tp we have 
illo sin wis (cos y)(Xep ne > (sin y)(Vep/t at (36) 


Eq. (36) shows that there corresponds a certain equilib- 
rium ¢,/h to each velocity ratio across the jet because 
we started out by assuming the velocities Uy and U; 
known, and with this information we have now calcu- 
lated ¢,/h. 
to select a k and compute ¢,/h from Eq. (36) and find 
the corresponding l’,/U from Eq. (27) with y/a = 0. 
Then using Eq. (6) the base pressure can be found 
It is seen that there is a very rapid rise in the 


For calculation purposes it is convenient 


(Fig. 5). 


base pressure with increasing thickness/height ratio, 
and that at a ¢,/h of somewhat larger than unity the base 
pressure is for all practical purposes equal to the jet 
total head. The base pressure by the simplified theory 
is also shown for comparison. 


Some results of the calculation of the jet reaction 
coefficient are presented in Fig. 6. Here the following 
equation for the jet coefficient [Eq. (7) | has been used: 


a 
| exp | —(2/2 — y)FIk, (#/2)(1 — w/a)]/K'}d(¥/a) 


L + = (37) 


} exp | +(2/2 — y)FI[k, (#/2)(1 - v/a) )/K'}d(y/a) 


0 


| 
II 
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The lift coefficient may be found plotted in Fig.7. It 
is seen that this coefficient never exceeds unity by very 
much. Hence the real lift augmentation —i.e., the ratio 
of the lift coefficient in the ground effect over that out 
of the ground effect (without viscous interference)—is 
never enormously large for reasonable ¢,// ratios. 

The augmentation ratio as defined by Eq. (16), 
with 6 = 2(t)/t.)(t,/l), and plotted in Figs. S(a), 8(b), 
S(c) does, however, approach infinity as the vehicle 
height is decreased to zero. This is as it should be 
since it was previously shown that this augmentation 
ratio is really a measure of the lift/power ratio and this 
ratio should approach infinity as / is decreased to zero. 
In the limit for a vehicle which touches the ground it is 
very possible to have lift; for instance, by pumping up 
the base region. The mass flow out of the vehicle is, 
however, in this case zero. Hence the power is zero, 


giving infinite lift/ power ratio. 


(3) Three Dimensions With Rotational 
Symmetry 


The theory developed in the preceding section can be 
applied to vehicles with rotational symmetry (saucer- 
like vehicles) in the cases where the diameter (d) of the 
vehicle is much larger than both the jet thickness and 
the vehicle height above the ground. The flow field 
in the immediate neighborhood of the rim is then essen- 
tially two-dimensional and the results of our two- 
dimensional flow calculations apply. Outside this 
neighborhood the jet behaves differently. Thus the 
jet thickness far downstream is no longer a con- 
stant. From mass flow considerations (continuity) it 
is seen that we now must have p27 Rt Uy = constant. 
Here FX is the radius from the center of the vehicle to a 
point far downstream where the jet thickness is ¢. 
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Far downstream the pressure is once more /); hence, 
the velocity is constant and equal to U>. It is con- 
cluded that the jet, while being two-dimensional in the 
neighborhood of the rim, will, far downstream, change 
its cross section to be inversely proportional to the dis- 
tance from the vehicle, while maintaining a constant 
velocity. 

Defining the jet reaction, lift, and power coefficients 


in three-dimensional flow as follows: 


C; = j/((1/2)pU 0? ax(d + t.)t.] (38) 
C, = L/[(1/2)pUs2a d?/4] (39) 
oa = P/[(1/2)p Uo*x d?2/4] (40) 


it can easily be shown that these coefficients are ident - 
cal in magnitude to those defined by Eqs. (7), (8), and 
(9) for two-dimensional flow if we associate / with d/2. 
This coincidence has previously been pointed out in ref 
erence 2. Hence, all graphs presented here are valid 


for three-dimensional flow for pertinent vehicles with 
rotational symmetry by replacing / by d/2. 
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necessary to investigate the higher-order terms in the 
series. These terms may be obtained in an elementary 
manner but the final expressions are extremely un- 
wieldy. For this particular purpose the method utilized 
here appears to be more expedient. 


References 


1Sackman, J. L., On the Use of Stress Functions for Hetero- 


geneous Maxwell Bodies, Contract Nonr 266(34), Tech. Rep. No. 
6, Columbia University, September, 1958. 


2 Freudenthal, A. M., Problems of Structural Design for Ele- 
vated Temperatures, Trans. N.Y. Acad. Sci., Ser. II, Vol. 19, No. 4, 
pp. 328-342, February, 1957 

3 Bleich, H. H., On the Analysis of Nonlinear 
Structures with Temperature Gradients, Contract Nonr 266(34), 
Tech. Rep. No. 3, Columbia Univ., June, 1957 

* Coker, E. G., and Filon, L. N. G., A Treatise on Photo-Elas- 
ticity, 2nd Ed., Cambridge Univ. Press, Cambridge, 1957. 

5 Timoshenko, S., Theory of Plates and Shells, McGraw-Hill 
Book Co., Inc., N. Y., 1940. 

6 Boley, B. A. and Tolins, I. S., On the Stresses and Deflections 
of Rectangular Beams, J. Appl. Mech., Vol. 23, No. 3, pp. 339- 


342, 1956. 


, , 
Viscoelastic 








A Stiffness Matrix for the Analysis of 
Thin Plates in Bending 


ROBERT J. MELOSH* 


Boeing Airplane Company 


Summary 


A stiffness matrix is developed for an isotropic rectangular 
plate panel of uniform thickness for application to the analysis of 
thin plates of variable thickness in bending. The convergence 
characteristics of this matrix are demonstrated on simple problems 
with known exact, analog, and experimental solutions. The 
usefulness of the matrix in the determination of the elastic 
characteristics of thin, low aspect-ratio wings is exhibited. 


Symbols 
a = length of sides of rectangle parallel to x axis, in. 
dij = influence coefficients 


= constants 
length of sides of rectangle parallel to y axis, 


b = 
in. 

D = flexural rigidity = Eh*/12(1 — v?), lb-in. 
E = Young’s modulus, lbs./sq. in. 

Ms i = force in z direction at node 7, lbs. 

h = plate thickness, in. 

I = bending moment of inertia, in.* 

kis = stiffness coefficient, lbs. 

Moi = bending moment in @ direction at node i, 

in.-Ib. 

n = matrix order 

N = matrix condition number 

U = strain energy 

w = displacement in z direction, in. 
Wrr, Wyy, Wry = O?w/Ox?, 0?w/Oy?, O?w/OxdY, respectively 
XV, = coordinate axes 

v = Poisson’s ratio 

nN = eigenvalue of matrix 

¢ = angular rotation about x axes 
0 = angular rotation about y axes 


stress, psi 


Introduction 


6 hes SIMILARITY between the elastic characteristics 
of plates and of low aspect-ratio wings has in- 
creased the importance of being able to analyze thin 
plates of variable thickness in bending. Solutions of 
the plate equations have been attempted by imposing 
constraints on the streamwise deformations, by using 
Rayleigh-Ritz methods, and by directly attacking the 
differential equations by finite difference schemes. 

Reissner and Stein’ constrained deformations to 
linear expressions in the streamwise coordinate and 
recast the plate equations in the form of two ordinary 
differential equations for simultaneous solution. Later 
Stein and Sanders'! extended this formulation to include 
parabolic deflections in the streamwise direction, or- 
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ganizing the solution in matrix form with the use of 
difference relations. These solutions have been applied 
primarily in the preliminary design area because of the 
unknown limitations imposed by the basic assumptions 
and the difficulties associated with applying these solu- 
tions to practical wings. 

Employing Rayleigh-Ritz methods, Duffin, Gustaf- 
son, and Warner? obtained fair results in predicting the 
modes and frequencies of constant-thickness plates of 
various sweeps and aspect ratios. Extending these 
solutions by the use of up to 14 parameters, Lubkin 
and Luke® obtained good results for 45-degree right 
triangular plates despite problems occasioned by poorly 
conditioned matrices. The basic nature of the poor 
conditioning of matrices when a large number of power 
series terms are taken, and the difficulty of choosing 
suitable functions to match boundary conditions for 
boundaries of irregular shape, make the Rayleigh-Ritz 
solution in this form unattractive for the solution of 
practical problems. 

Benscoter and MacNeal! presented the solution of 
the plate equations in the form of first-order difference 
relations which they used for the design of suitable 
analog circuits. Fung‘ broadened the difference attack 
by first casting the plate equations in the form of two 
stress functions which permitted inclusion of variable 
thickness and mixed boundary conditions, and yielded 
moments directly. Williams’! suggested forming the 
stiffness matrix directly from finite difference equations 
of the fourth-order partial differential equation with 
variable coefficients, and considered the use of a digital 
computer. In general, these methods require special 
care in imposing boundary conditions correctly and are 
not directly addressed to the solution of practical prob- 
lems, in that no cognizance is taken of local complexities 
in the distribution or discontinuity of elastic char- 
acteristics. 

The direct formation of the stiffness matrix from 
component stiffness matrices’! is a method suited to 
the irregular geometry and boundary conditions found 
in the practical structure. In this method the struc- 
ture is regarded as an assemblage of parts. 
is assigned a stiffness matrix relating forces and dis- 


Each part 


placements at its terminals, which are called nodes. 
The stiffness matrix for the complete, connected struc- 
ture is obtained by addition of the component stiffness 
matrices. A given column of the matrix consists of a 
list of the forces at each of the nodes for unit displace- 
ment of a given node in the direction of one of the coor- 
Where two more members have a 
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Fic. 1. Coordinate system 


common node, forces are simply added. Boundary 
conditions and loading are expressed in terms of node 
displacements and loads. The inverse of the stiffness 
matrix is the matrix of influence coefficients. 

This paper will present a stiffness matrix for thin 
plates bending under lateral forces and edge couples, 
suitable for use in the analysis of the elastic character- 
istics of plates of variable thickness. Problems show- 
ing the accuracy of solutions obtained with the use of 
the matrix and relatively coarse nodal networks are 
included. The application to a typical wing problem 
is illustrated. 


Development of the Stiffness Matrix 
for Plate Bending 


Since a stiffness matrix involving both moments 
and forces is desired, the angles of rotation @ and 6 
about the x and y axes, respectively, and the lateral 
displacement at each node will be chosen as the coordi- 
nates. Thus, identifying the stiffness with a rectangu- 
lar panel (Fig. 1), we see that a 12 X 12 matrix is re- 
quired. This matrix will be developed by adding stiff- 
ness matrices corresponding to each term of the bend- 
ing energy expression. 

The expression of the bending strain energy for a 
plate of uniform flexural rigidity and isotropic material 
is 

D 
U=- SS (wr + wy? + 2vwpyt'y, + 
2(1 — v) w,,?] dA (1) 


where D is the flexural rigidity, v is Poisson’s ratio, 
the subscripts denote differentiation, 
*w/ Ox", and w is the displacement function. 


ie., Vr = 


The four terms of the energy expression (1) may be 
defined by analogy with an elementary beam as the x 
bending stiffness, the y bending stiffness, the bending 
coupling, and the torsional stiffness, respectively. If 
the x axis is along the chord and the y axis along the 
span, scalars may be applied to the first and second 
terms to approximate the effects on elastic response, of 
amounts chordwise and spanwise 
bending Similarly, wing cut-out effects 
can be approximated. Normally, when cutouts are 
made, additional bending material is placed in the spars 
and ribs to replace the lost normal stress-carrying 


varying the of 


material. 
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capability of the skin. The loss of shear-carrying 
capability can be approximated by multiplying the 
torsional stiffness matrix by one half before combining 
it with the bending terms, since a shear flow analysis 
would attribute half of the rigidity to the spars and half 
to the skin panels. 

The reader might suggest that stiffness matrices other 
than that presented here could be derived for the plate. 
A matrix giving exactly the results obtained by a finite 
difference representation of the fourth-order differen- 
tial equation (with the use of the coordinates chosen 
here) has been derived. In addition, matrices based 
on the terms of a third-order polynomial in x and y de- 
scribing the displacement over the panel have been 
derived. While any one of these matrices is as valid as 
another, the matrix chosen for use will be the one that 
demonstrates the best accuracy for a given network 
refinement. In all three problems used in this paper 
to compare these matrices (problems on three plates of 
uniform thickness) the matrix derived here gave the 
best results. 

The reader might suggest also the virtues of a matrix 
associated with a triangular panel. Assaults on this 
problem utilizing the third-order polynomial have 
demonstrated that when four triangles are used to form 
a rectangular panel, the accuracy of the solution of the 
problem is much less than that obtained with the rec- 
tangular panel stiffness matrix developed in this paper. 
The results of making up a right-triangle stiffness 
matrix by eliminating the fourth node in a rectangle 
have been equally disappointing. 

In deriving the plate stiffness matrix, the bending 
curvatures will be obtained by assuming the displace- 
ments along the edges of the panel as third-order 
polynomials. The bending coupling will be obtained 
by integrating the products of these cubics over a 
quadrant of the plate and the torsion term will be based 
on simple torsion of the rectangular cell. Thus the 
displacement along line 1-2 (Fig. 1) is written: 


w = Ayx* + Aox? + Aye + Ao) 
= = 3Ayx? + 2Awx + A; (2) 
Were = 2(3A3x + Az) 


The four constants of the displacement expression, -1 ;, 
can be evaluated by requiring that this function give 
the displacements and slopes of nodes 1 and 2 at x = 0 
and x = a. Then, in matrix form, the expression for 
the curvature becomes: 


| : | 

BS W) . 
— a (3 
J A» 


W,," can be obtained by multiplying (3) by its trans- 
pose. The total strain energy contributed by w,,” 
can be found by integrating the result over x between 
zero and a and multiplying by }/2, assuming that the 
W,,” term varies linearly with y. Then, invoking 
Castigliano’s relation, (0/06)U = F;,, differentiation 
yields: 


2| 3x : 6x 
Wrz = ae eae -—i,—-— + 


a a a* 
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| Ma, Db/a*| 2a Sym. | 6, 
Fr. 3 6/a w 
2 ra , 17 (4) 
| M,, | a 3 2a | A 
Fs. —3 —6/a —3 6/a We 


It is of interest to note that (4) constitutes an ele- 
mentary beam stiffness matrix, neglecting shear de- 
formations, for a beam of width b/2, with Db/2 equal 


M,, Db/a? i 2a 

F,, 3 6/a 

M,, a 3 2a 
‘on i —3 —6/a eal 
| 0 0 0 
F,, | 0 0 0 
M,, | 0 0 0 
| | 0 0 0 
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to EI. This is evident if Eq. (11a) of reference 14 (page 
811) is transformed so that angular rotation and vertical 
displacement become the parameters 
This identity makes it convenient to approximate shea 
deformation effects in the plate analysis if they are 


deformation 


desired. 

A matrix similar to (4) can be written in terms of the 
angular rotations and vertical displacements of nodes 
3 and 4, and by combining the two matrices one can get 





| ( 6 
Symmetric Wy 
8. 
0/a W2 si 
0 2a 4 
0 3 6/a Ws 
0 a 3 2a 04 
0 —3 —6/a —3 6 . Ws 


If functions of the form of (2) are selected in the y direction as well, the y bending stiffness matrix can be written from 


(5) immediately from symmetry and takes the form: 


M,, | i | 2b 

Pl 3 6/b 

M,, 0 0 2b 
F, | _ 0 0 3 

M,,\ b 3 0 

F.. on] —6/b 0 

M,, 0 0 b 

F,, | 0 0 —3 








7] 9) 
Symmetric W 
de 
6/b Ww. ; 
; (6) 
0 2b Pa 
0 —3 6/b W3 
3 0 0 2b 4 
6/b 0 0 —3 6/b} | ws 


To obtain the bending coupling energy, the transpose of w,, is multiplied by w,,, integrated, and differentiated as 


before. 
the four products used to represent the coupling energy. 


Pp... 2D 
Wrr Wyy = 


|0; W A» Ws | * 
ab 


[ 9xy 6x by 4 
ab a b 





ISxy Ox 12y 6 Oxy 
-—— — = 4 
ab? ab b? b ab 


Fo 


3X Oy l8xy 
= ae —-2i— =~ ae 
a b ab? 


A product can be taken at each node, integration performed over a quadrant of the plate, and the sum of 


r example, choosing w,, along 1-2 and w,, along 1-3 gives 


Ox 12y 6\~ 
ab ba b  b >I 





ISxy 12x Oy 4 ") Ge ISx ISy . 9 tex 6x Oy 4 4 
ah a” ab a a*b? ab ab? ab . arb a* ab a 
( 36xy 18x lSy 9 ) 
a*b? ab ab? ab - 
(7) 
Oxy Ox By 4 2) (= Ox by + ;) (= 3x 3y +] ( ISxy 4 9x 4 6y 3 
ab a b ‘. ab? ab b? b ab a b ab? ab b? b ?s 
( ISvy 12x 4 Oy ) ( 36xy I&x ISy 4 ( ISvy Gx 4 9y *) 
ab a? ab a a*b? ab ab? ab, a2 a? ab a 
3d6xy 1Sx ISy 4 =| 
a a*b? ab ab? ab ; sas 
Integrating (7) from « = 0 toa/2 and from y = 0 to b/2 yields 
25 30/b 5 —30/b die 
vD 30/a 36/ab 6/a —36/ab Wy 
: |, W A. We | (3) 
16 5 6/b l ~6/b *| 
—30/a —36/ab —6/a 36/ab W: 


Then, differentiating (8) with respect to each of the displacement coordinates and equating the result to the differ- 


ential of the potential energy gives 


of 
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t (page | M0, | »vD 16 [ 0 Symmetric 6; 
vertical Mo, 25 0 1 
meters. | Fy 30/b 30/a 72/ab W 
‘e shear | M6. = 0 5 6/b 0 6» (9) 
ley are | F 5 0 —30/a —36/ab 0 0 We 
Mo; 5 0 6/a —6/a 0 3 
s of the | F;; | —30/b 0 —36/ab —6b 36/ab 0 0] | w 
‘nodes | 


Repeating these operations at the three other nodes and adding together the matrices of the form (9) results in a form 


can get - . . ° ° 
6 of the bending coupling stiffness matrix: 








vD Lol 7] 
Me, 0 6; 
W¢, 25 0 Symmetric 1 
(5) I F 30/6 30/a 72/ab W 
M0. 0 5 6/b 0 0» 
M¢: —5 0 —30/a —25 0 de 
Fy —6/b —30/a —72/ab —30,6 30/a_ = 72/ab We 
Moé. 0 —5 —30/b 0 l 6/b 0 6. 
1 from |} Mo 5) 0 6a l 0 —6/a —29 0 ; 
Fs —30/b —6/a —72/ab —6/b 6a 72/ab 30/6 —30/a_ = 72/ab Ws 
M64 0 —] —6/b 0 bs 30/6 0 —5 6/b 0 64 
' Mos —] 0 —6/a —) 9) 6/a LA 0 30/a 25 0 ps 
i | Fu, 6/b 6/a 72/ab «6330/6 —6/a —72/ab —6/b 30/a —72/ab —30/b —30/a 72/ab | | ws 
(10) 
(6) 
Considering the simple torsion of cell a-b, the curva- : 
ture can be defined as: different nodal refinements to evaluate the accuracy 
of the answers. Before applying Eq. (13) to some 
| | problems, convergence criteria will be considered. 
ed as Wry = abl =f, 8, 5] iia (11) Convergence could be evaluated by obtaining a sta- 
1m of (‘| tistical value of the percentage changes in elements of 
gives ni either the stiffness or influence matrices as the network 
By premultiplication, integration over ad, and differen- is refined. Since the influence matrix is generally not 
tiation, the stiffness form can be found as very sensitive to changes in elements of the stiffness 
matrix and since the loads are usually the independent 
Fe] 2(1— v)D/abl 1 Sym. \ variables, the statistical percentage would logically be 
F.o{ =i l JW} (19) based on the influence matrix. If the influence matrix 
_ —-1 1 1 ms 7 is to be calculated anyway, the N condition number 
\ Fas =e —%. 9 Ws introduced by Turing'® can conveniently be found. 
- : This number is approximately proportional to the ratio 
Expressions \9); (6), and (10) and (12) define all the of the maximum to minimum eigenvalues of the matrix 
components of the yy oe (1). Summing Not only is it a useful number for evaluating con- 
(7) these relations one finds the stiffness matrix for a thin vergence, but it is a measure of the susceptibility of the 
rectangular plate. ee matrix to round-off errors in inversion. The N condi- 
With the change of displacement coordinates and tien emniines in dafied os 
moment normalizing indicated in Eq. (15) (see page 
38), the elements of the matrix become nondimensional —_ 1 |S a, >d , (14) 
quantities. The reader may also observe that a given _ ¢@ \ iJ i,j 
column of the matrix defines a set of forces which satisfy 
the three equilibrium equations. where the a;; are elements of the influence matrix, 
This stiffness matrix is closely related to the evalu- the k;; are elements of the stiffness matrix, and n is the 
ation of stiffness by Levy’s torque tube and beam matrix order. High N condition numbers are asso- 
' analogy.” Here, however, the Poisson ratio coupling ciated with poorly conditioned matrices. Matrices 
has been retained, and a single matrix includes both conditioned best have N numbers of 1.0. Turing 
bending and torsion. indicates that typical values of N are of the order n”’, 
de where is the matrix order. To make valid compari- 
Bian sons of NV condition numbers of solutions based on dif- 
| Convergence Criteria : ae sal 
ferent nodal refinements, it is evident that matrices 
fer- When the exact solution to a problem is unknown, it must be of the same order and must apply to the same 


—————— 


is usually necessary to compare solutions based on 


nodes. 
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A STIFFNESS MATRIX 3s 
i ‘ TABLE 1 
SE poe Poisson’s ratio Coefficient of D/a?F Percentage error 
’ = 0.0 0.01250 7.759 - 
0.1 0.01237 6.629 
0.2 0.01225 5.603 
1 0.3 0.01213 4.578 
0.4 0.01202 3.612 
Fic. 2. Simple plate problem. 0.5 0.01191 2.698 


Matrix Convergence Characteristics 


Eq. (13) will yield the exact result only for a problem 
with a network that is sufficiently refined, and the 
measure of the usefulness of (13) is the refinement of 
the nodal network required to obtain a given degree of 
accuracy. To demonstrate these characteristics, three 
problems on plates of uniform flexural rigidity will be 
considered first; exact solutions are known for two of 
these, and for the third experimental and analog solu- 
tions are available. 

As the first problem, consider the square plate of 
Fig. 2a. This plate is of uniform thickness and has 
continuous simple supports on all four edges and a single 


concentrated load at the center. Because of deforma- 


M,, 0 D [3 
a 16a? 
(‘iMo? = {9 = v 3! 
a 
F, F, (—48 — 67) 


a4 
The solution of these equations for w gives: 


(32 + v) Fa? 
32(16 — v)(5 +r) D 


(16) 


“4 


Of course, in a practical problem, the numerical value 
of Poisson's ratio will be known. The form (16) has 
been obtained to show the effect on the solution of 
varying Poisson's ratio. Timoshenko gives the exact 
solution of this problem (page 158, reference 12) as 
0.01160(a*, D). Thus it would be hoped that the choice 
of Poisson's ratio would have little effect on the stiff- 
ness solution other than its effect on D. Table 1 gives 
the variation of the solution of Eq. (16) with the choice 
of Poisson's ratio for this coarse network. 

It can be seen that the error varies inversely with 
Poisson's ratio approximately linearly, over a narrow 
In forming the stiffness matrix for finer nodal 


range. 
networks, stiffnesses are added as indicated in the 
introduction. Thus for the breakdown shown in Fig. 


2c, the force required at node 4 to obtain unit vertical 
deflection at 4 while no other nodes are permitted to 
rotate or deflect is an element of the overall stiffness 





TABLE 
Network Coefficient of D/a? Error 
2x2 0.012093 0.000493 
4X4 0.011881 0.000281 
8X8 0.011703 0.000103 
12 xX 12 0.011654 0.000054 





bo 
> 
a 
a 


(—48S — 6p) 


tion symmetries, only one quadrant need be considered 
in the solution. For the choice of the network of Fig. 2b 
and the panel 1-2-3-4, the boundary conditions, loading 


conditions, and symmetry conditions are 


B.: 6; = gd} = &W = 6, = 3 We Ws 0 
L.C.: Me; = M6. 0 
Gai A4 = D4 = 0, Ff 4 = F } 


The zero displacement conditions are imposed by de- 
leting the corresponding columns of the stiffness matrix. 
Since the corresponding rows are expressions of the 
reactions in terms of the remaining three displacement 
coordinates and are not of interest in this problem, they 
will be discarded. Then, since }/a is equal to one, 
(14) becomes: 


Sym. 
(15) 


(224 + 10 vy) | 





matrix obtained by adding terms from the stiffness 
matrices for panels I, II, III, and IV. The repetitive 
use of these simple operations—row and column dele- 
tion, row and column reduction, and stiffness summa- 
make this method readily adaptable to automatic 


Table 2 gives the solutions of 
g 


tion 
digital manipulation. 
this problem for successively finer networks, compared 
with the exact answers, the eigenvalue ratios, and the 
N condition numbers. In obtaining these results 
Poisson’s ratio was taken i/3. Variations in 
Poisson’s ratio were found to have negligible effect on 
the solution obtained by use of the finest network, as 
was expected. For simplicity, the condition numbers 
were identified with reduced matrices of order two. 
As a second problem, consider a plate with the same 
geometry as that of the first problem but with fixed 
edges. Timoshenko provides the exact solution in 
reference 12, page 231: 0.00560(a?/D). The solutions 
obtained with the stiffness matrix are shown in Table 3. 
The reader can observe the large error resulting from 
the use of the 2 X 2 network. Even without the exact 


as 


9 


N condition no. 


Amax Amin 





Percentage error 





4.250 . 

2.422 18.866 9.459 
0.889 16.523 8.292 
0.469 16.421 8.239 
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TABLE 3 


Network Coefficient of D/a? Error Percentage error sai ¥ Mint N condition no 


» 
4 0.005738 0.000138 461 10.748 5.420 
0.005687 0.000087 552 8.899 4.506 
0.005655 0.000055 0.978 8.805 +. 460 


_ 


0.004213 0.001387 — 24.759 
2 
1 


XxX xX 
rt OO 


to @ 
to 


answer available, the large difference between the 
coefficients of the 2 X 2 and 4+ X 4 breakdowns indi- 
cates the inadequacy of the coarser network. This 
problem also illustrates that convergence to the final 
solution is not always monotonic, as it was in the first 





problem. In both problems excellent answers are 
obtained with coarse networks. 

As the third problem, consider the square plate of 
uniform thickness shown in Fig. 3. This cantilevered 
plate was tested experimentally by Dalley.2» MacNeal® | 
presented the solution of this problem obtained from 
an analog computer analysis. To compare solutions, 
the network that MacNeal used (shown in Fig. 3) was 
utilized in obtaining a stiffness solution. Fig. 3 shows 
a comparison between the test, analog computer, and 
stiffness solutions for deflection under a unit load at the 
lower right-hand corner. A comparison of the fre- 
quencies of the natural modes is given in Table 4. 
Accuracy in the prediction of modes higher than the 
second is not to be expected, since only nine stations st 
are represented in the matrix iteration for modes. be 
— — STIFFNESS S DEFLECTION x Dy acne ee se ee eee ee apa _ 

an analog solutions obtained with the same ef 
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-----EXPERIMENTAL | 


— ANALOG | structural refinement. 


Fic. 8. Cantilevered plate problem. al 


Plates of Variable Thickness M 


A limited number of exact solutions for plates of 
variable thickness are known. The exact solution for T 

| the circular plate whose thickness varies as a function 

| d of the radial distance has been found.'? Olsson? ob- 
tained an exact solution for a rectangular plate of Wi 


| 
fh 








linearly varying thickness in the form of exponential of 
integrals. Reissner’s paper® presents a simpler deriva- sl 
tion of Olsson’s results. Fung‘ has presented relaxation or 
solutions for several simple problems, including one in 


| 


eee 


| 
a ESS bes A ee oe 
| | 
i 


of swept planform. 
To demonstrate the accuracy of stiffness matrix 
st solutions of variable thickness plate problems, Olsson’s 
4 problem as particularized in Fig. 4 will be considered. 
| = es oe Again the square plate is simply supported on all four st 
__| 8d0- zi__| + {_ [eve Zz Y edges, but its flexural rigidity varies linearly with the ra 


TIONS (Q) G/i2 =< 


as 
| 
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— a a 
| 
| 

















[3 se TroNs @ o/s +a/2 | [2 sections © sacl! y coordinate from Dy at the upper edge to SD» at the ge 
lower edge. The distributed loading imposed on the m 

plate varies in the same way as the flexural rigidity. | pe 
The networks shown in Fig. 4 were used in obtaining ti 
stiffness solutions. For the flexural rigidity of a panel, ci 
the average of the rigidities at the four corners of the ce 
TABLE 4 panel was used. The exact and stiffness solutions for | as 
displacements and moments along the centerline are 


Fic. 4. Olsson’s problem. 


Solution First mode Second mode 


Senndienutel 0.547 1359 listed in Table 5. ra 
Stiffness 0.526 1.200 In the solutions I the external work was defined by | be 


Analo 0.501 1.126 : , 
Be 00x. SD assuming the deformation shapes to be linear between | m 
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TABLI 
Deflection, g Moment, @ Moment, 
Node Solution Dy /4.9a4 7/4947 — r*/4, a? 
l Exact 0.1996 0.837 0.563 
36 Plate I 0.1891 0 678 0.452 
36 Plate II 0.1966 0.718 0.468 
72 Plate I 0.1938 0.790 0.499 
72 Plate II 0.1964 0.799 0.502 
© Error 72-11 —1.6 —4.5 —10.8 
2 Exact 0.3106 1.265 1.252 
36 Plate I 0.2949 1.13 1.013 
36 Plate II 0.3048 1.169 1.039 
72 Plate I 0.3003 1.219 1.091 
72 Plate II 0.3043 1.233 1.099 
©, Error 72-11 —2.0 —2.5 —9.3 
3 Exact 0.3264 1.483 1.673 
36 Plate I 0.3141 1.338 1.414 
36 Plate II 0.3239 1.363 1.445 
72 Plate I 0.3191 1.425 1.516 
72 Plate II 0.3234 1.442 1.526 
© Error 72-I1 —0.9 —2.8 —8.8 
} Exact 0.2724 1.500 1.748 
36 Plate I 0). 2597 1.333 1.451 
36 Plate Il 0.2681 1.374 1.491 
72 Plate I 0.2639 1.437 1.562 
72 Plate II 0.2676 1.455 1.573 
© Error 72-11 —-1.8 —3.0 —10 
5 Exact 0.1653 1.139 1.291 
36 Plate I 0.1474 0.964 0.993 
36 Plate II 0.1526 1.015 1.015 
72 Plate I 0.1502 1.086 1.076 
72 Plate II 0.1525 1.103 1.083 
© Error 72-I1 —7.7 —3.2 —16.1 


stations, whereas in the solutions II parabolic shapes 
between stations were assumed. It can be seen that 
the refined evaluation of the virtual work had little 
effect on the accuracy of the solutions. 

The moments in the plate were calculated in accord- 
ance with the expressions 
—D(w,, + vwzz) 

(17a) 


M, = —D(w,, + vw,,) M, = 


To obtain the curvatures, the approximate equation 


= (Wy — 2w, + we)/(Ax)? (17b) 


99) 
Wrrl 


was used. This equation is more convenient than one 
of the form of Eq. (3), since in the present problem the 
slope terms were not retained in the final matrix, in 
order to reduce the numerical work involved in obtain- 


ing a solution. 


Typical Wing Problem 


As an example of the usefulness of the plate bending 
stiffness matrix, its application to a typical low aspect- 
ratio wing problem will be given. The structural 
geometry of this wing is shown in Fig. 5. 
model of this wing was tested by Zender'® and the ex- 
perimental results were compared with an analog solu- 
tion performed by MacNeal.’ In this case the analog 
circuits were designed so that the wing was treated as a 
collection of spars, ribs, and skin elements rather than 


A plastic 


as an equivalent plate. 

The wing is biconvex in cross section with a thickness 
It is assumed to 
Each 


ratio varying from 6 to 10 per cent. 
be simply supported along the face of the body. 
member of the orthogonal set of spars and ribs is rec- 
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Coarse nodal network 








Fine nodal network. 


Fic. 7. 
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TABLE 6 
Node w;, 17 Plates w;, 57 Plates uw, Exp w, Anal. Node o Exp o Anal o 57 Plate 
Load at Node § i 
9 0.2958 0.3049 ().28 (0). 2863 a 0.75 0.780 0.54 ' 
8 (0). 2897 0.3001 0.30 0.2901 b 1.65 1.650 1.673 
7 0.1631 0.1670 0.150 0.1574 ( 1.50 1.500 1.554 ' 
6 0.1547 0.1574 0.15 0.1498 d 0.85 0.800 0.703 
5 0.1316 0.1313 0.130 0.1268 e 0.05 0.150 0.077 j 
4 0.0633 0.0637 0.06 0.0596 
3 0.0596 0.0603 0.06 0.0574 i 
2 0.0505 0.0499 0.05 0.0478 : 
| 0.0393 0.0373 0.04 0.0354 i 
Load at Node 9 : 
9 ().3879 0.4099 0.39 0.3983 a 1.06 1.096 0.874 
8 0.2958 0.3049 ().28 (). 2863 b 1.80 1.792 1. 860 
7 0.2095 0.2169 0.22 0.2098 ( 1.44 1.404 1.398 
6 0.1646 0.1681 0.16 0.1571 d 0.69 0.671 0.549 
5 0.1207 0.1202 0.12 0.1142 e 0.06 0.087 0.061 ri 
4 0.0800 0.0813 0.08 0.0795 \ 
3 (0.0645 0.0655 0.07 (0.0614 i 
2 0.0479 0.0474 0.05 0.0448 she 
1 0.0339 0.0326 0.03 0.0301 de 
: : fr 
de 
tangular in cross section and the skin thickness is uni- of experimental and plate and analog solutions is given ri 
form over the entire planform. The depths given in in Table 6. It should be noted that a full matrix of de 
Fig. 5 are the total wing depths, measured from lower influence coefficients was not obtained in the test. The “a 
. ° . . ° Su 
to upper outer skin faces. comparison represents the major part of the test data mi 
To analyze this wing as a plate, the equivalent plate available. The excellence of the results is evident. = 
was first obtained by computing the flexural rigidity Since the plate equivalence solution neglects shear de- tl 
at every node of the network. For simplicity, the formations, the effect of shear must be small in this tl 
rigidity of a given plate panel was taken as the average problem. y 
0 ae ° ° _— ol 
rigidity of the four corner nodes of the panel. The 
wing-plate rigidity correspondence was taken as ' tl 
; Conclusions , 
. Vi 
D = El/(1 — v?) same an , . 
(1) The stiffness matrix presented has been shown to 
Because the spars and ribs constituted only about exhibit excellent convergence characteristics in the 
three per cent of the bending material of the wing, the solutions of problems involving plates of uniform 
inspar network was included by augmenting the plate thickness. 
rigidity by a fixed three per cent. In wing problems (2) The success with which this stiffness matrix has 
where large spars and ribs are present, these can easily been applied to the analysis of a plate of variable thick- 
be included by using spar and rib bending stiffness ness confirms its usefulness in this class of problems. 
matrices (see reference 14). The use of these matrices (3) The direct generalization of this matrix to ortho- 
is not restricted to orthogonal sparand ribs. At the lead- tropic panels is justified on the basis of this study. 
ing edge, flexural rigidities of the triangular panels were (4) The accuracy with which the elastic behavior of 
taken as the average of the rigidities of the three nodes a thin, low aspect-ratio wing was predicted by the 
on the wing. Along the support line, w,; and ¢; were equivalent plate solution verifies the latter as a pre- 
required to vanish. A matrix for symmetrical loading liminary design approach. 
about the airplane centerline was obtained by requiring 
that the 6; vanish along this line. The solutions ob- 
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On the Approach to Chemical and 
Vibrational Equilibrium Behind a Strong 
Normal Shock Wave 


WILLIAM H. DORRANCE* 


Convair, A Division of General Dynamics Corporation 


Summary 


The concurrent approach to chemical and vibrational equilib- 
rium of a pure diatomic gas passing through a strong normal 
shock wave is investigated. It is demonstrated that the equilib- 
rium degree of dissociation behind the shock front, and hence the 
density, for the case where the vibrational degrees of freedom are 
frozen out can exceed the degree of dissociation, and hence the 
density, for the case where all degrees of freedom are in equilib- 
rium. Thus the condition for a maximum of the 
density between the shock front and the position of full equilib- 
rium flow downstream of the shock front is established. The 
sufficient condition that such a maximum be observable is shown 
to be that the approach to equilibrium of the vibrational degrees 
of freedom (or any other internal degrees of freedom) must lag 
the approach to dissociation equilibrium by a significant amount; 
that is, there must be at least an order of magnitude difference in 
the respective relaxation times before such a maximum might be 
observed. An example calculation for a Mach 13 strong shock 
wave in oxygen illustrates the appearance of such a maximum of 


necessary 


the density and its dependency upon the relative values of the 
vibration and dissociation relaxation times. 


Symbols 
A = chemical symbol for atomic species 
A, = chemical symbol for diatomic molecules formed with 
two atoms of A 
D- = dissociation energy of one molecule A» 
E = internal energy per unit mass of gas 
h = Planck constant 
k = Boltzmann constant 
ky, = forward (dissociation) reaction rate constant 
ky» = rearward (recombination) reaction rate constant 
Kp = equilibrium constant 
AJ, = shock Mach number 
m = molecular weight of A 
v4 = number of particles of A present in volume V 
n4, = number of particles of Az present in volume V 
p = pressure 
Q = partition function 
R = k/2m = gas constant for A» 
7 = temperature 
T, = D/k = characteristic temperature for dissociation 
T\ = hv/k = characteristic temperature for vibration 
u = flow speed 
V = control volume for chemical reaction 
= distance from shock front 
ry = nondimensional distance from shock front, see Eq. (30) 
a = fraction of mass of A» dissociated 
8 = see Eq. (13) 
v = frequency of vibration 
p = density 
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characteristic density of dissociation 


fe: = 

tT, = dissociation “relaxation time,’’ see Eq. (25) 

7, = Vibration ‘‘relaxation time,’’ see Eq. (20) 
Subscripts 

E = electronic degrees of freedom 

d, D = dissociation 

R = rotational degrees of freedom 

S.L. = sea level value 

r = translational degrees of freedom 

V = vibrational degrees of freedom 

l = in front of shock wave, free-stream value 
Superscripts 

= d/dt 
. = equilibrium value 


Introduction 


| paren of its geometrical simplicity and its obvious 
relation to the problems of supersonic flight the 
study of the normal shock wave continues to be per- 
tinent for physicists and fluid dynamicists. As shock 
Mach numbers become hypersonic the gas passing 
through the shock front is compressed and heated to 
higher and higher pressures and temperatures with in- 
creasing shock Mach number. As Mach number in- 
creases the internal degrees of freedom of the diatomic 
molecules are activated to an ever increasing extent 
upon passage through the shock wave and become in- 
creasingly important in determining the equilibrium 
Dis- 
sociation of the diatomic molecules can take place and 
must be taken Ionization becomes 
significant at very high Mach numbers. 

Considerable study has already been devoted to the 
behavior of air and diatomic gases passing through 
strong normal shock waves. Bethe and Teller' de- 
termined the equilibrium composition of air behind a 


composition of the gas behind the shock wave. 


into account. 


strong normal shock wave and discussed the rates of 
approach to equilibrium of the various internal degrees 
of freedom of the diatomic molecules and of the dis- 
sociation process. More recently, Wood,* Evans,’ and 
Freeman‘ analyzed the effects of the rates of dissocia- 
tion and recombination upon the density, velocity, 
temperature, and pressure profiles behind a strong 
normal shock wave. Resler and Cary,’ Byron,® and 
Matthews’ have experimentally investigated the rate of 
dissociation of air, or one or more of the components of 
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x 


Fic. 1. Schematic of density ratio as a function of distance x 
from strong normal shock wave in a diatomic gas showing maxi- 
mum in density ratio at a position between the shock front and 
equilibrium position downstream which might occur under con- 
ditions described in this paper. 


air, using a shock tube. Blackman’® investigated the 
vibrational relaxation of oxygen and nitrogen and its 
effect on shock wave structure using the shock tube. 
In none of the experiments or analyses mentioned was 
the concurrent approach to chemical and vibrational 
equilibrium examined. The experimental conditions 
chosen apparently precluded the possible occurrence 
of rates of approach to chemical and vibrational 
equilibrium of the same order of magnitude with the 
possible exception of those chosen by Resler and Cary.® 
In the other experiments either the shock strength was 
too low to initiate dissociation® (but not too low to ex- 
cite vibration) or the downstream temperature was low 
enough that vibrational equilibrium was established 
at a much higher rate than the rate of approach to dis- 
sociation equilibrium.® 7 

Interest in the detailed composition of the gas 
through which a strong normal shock wave has passed 
has resulted in several computations for strong shock 
waves passing through air and other gas mixtures. Cal- 
culations incorporating some of the features of the 
calculations reported here were reported by Duff,’ 
Hammerling, Teare, and Kivel,'!° and Duff and David- 
son.'' In these calculations the gas through which the 
strong normal shock wave passed was assumed to reach 
vibrational equilibrium at a rate faster than the rate of 
dissociation and ionization (ry < ra). It is the pur- 
pose of this paper to examine the possibly hypothetical 
case where the rate of approach to vibrational equilib- 
rium is much slower than the rate of approach to disso- 
ciation equilibrium (ry > 7a) at shock Mach numbers 
low enough that ionization is not significant but high 
enough that dissociation occurs. That such a case may 
not be hypothetical has already been suggested by 
Heims.'” 

Resler and Cary® and Heims" suggested that at high 
temperatures the approach to equilibrium of the various 
internal degrees of freedom can proceed more or less 
simultaneously rather than in an ordered sequence as 
has sometimes conveniently been assumed. If this is 
the case the rate of approach to chemical equilibrium 
(dissociation) can depend upon the rate of approach to 
vibrational equilibrium (or any other internal degree 
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of freedom with comparable rate of approach to 
equilibrium) and such peculiarities as 
It is the purpose of this paper to 
In particular, we wish 


‘ 


‘overdissocia- 
tion” can occur. 
present analyses of such cases. 
to examine the phenomenon schematically illustrated 
in Fig. 1 wherein is sketched the variation in density 
ratio behind a strong normal shock wave in air for the 
case where vibration excitation lags dissociation by a 


significant amount. 


Method of Analysis 


The objective of this analysis is to determine the 
variables of state, p, p, and 7, the degree of dissociation, 
and the gas velocity as a function of distance behind a 
strong normal shock wave through which a pure di- 
atomic gas is flowing for the cases where the vibrational 
degree of freedom is excited at a rate equal to or less 
than the rate at which dissociation of the diatomic gas 
proceeds. Throughout this analysis the following as- 
sumptions will prevail: 

(1) The effects of viscosity, thermal conductivity, 
and diffusion will be neglected. 

(2) The internal degrees of freedom of the diatomic 
molecules which are taken into account include vibra- 
tion, dissociation, and electronic excitation. Jonization 
and radiation are neglected as are interactions between 
degrees of freedom. 

(3) The external degrees of freedom of the molecules 
and atoms are considered here to be the translational 
and rotational degrees of freedom. These degrees of 
freedom are assumed to reach equilibrium at rates 
several orders of magnitude higher than the rates of ap- 
proach to vibrational and dissociation equilibrium and 
are assumed to be in equilibrium at all times. 

(4) The gases under consideration behave as perfect 
gases. 

These assumptions are generally accepted as reason- 
able for the gases and their thermodynamic states con- 
sidered here and will not be discussed further. 

Throughout this analysis we will use a coordinate 
system with the origin fixed at the shock front. To 
proceed, define for our assumed diatomic gas 


a= na4/(nm4 + 2n,,) (1) 


where a is the fraction by mass of the original mole- 
cules dissociated under the reaction 


; k 
jA ree me jA { 9 
A. + bay 44h%t (2) 
“he ALS kn + T LAS 


and 2, number of atoms present per unit volume 


ns = (pV/m)a (3a) 
n4, = number of molecules present per unit volume 
Na, = (pV/2m)(1 — a) (3b) 


At equilibrium the proportions of m4 and 4, can be 
determined by the methods of statistical thermody- 
namics making use of the equation'* !4 
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(n4*)° (Q4)° Tp\ : 
— = ep (- = Kp (4) 
Ns, Ox. 7 ) 

where Q, and Q,, are the partition functions’ of A and 
A», respectively, 7’) = D/k, and the superscripts on 74 
and #4, denote equilibrium values. 

It would appear that several reaction rate constants, 
ky, and k»y,, would apply to the chemical reaction 
written as Eq. (2). That is, the rate of dissociation of 
A, would depend upon whether a molecule A» or an 
atom A collided with A» and further upon whether A» 
had available energy stored within its vibrational and 
other internal degrees of freedom or not. However, for 
the cases considered here we assume the excitation 
of the vibrational degrees of freedom lags the dissocia- 
tion process and hence the molecules, A», entering into 
the reaction are for the most part unexcited in their 
vibrational degrees of freedom. Hence, they enter into 
the reaction in a state close to that of the vibrationally 
inert atoms A. We thus assume the reaction rate con- 
stants for collisions between A» and A and A» and A» 
are the same. Thus, two rate constants only, kp and 
kr, represent the chemical kinetics to the order of ac- 
curacy of the analysis which follows wherein the effects 
of any differences in chemical reaction rate constants 
are overshadowed by the differences between the 
chemical reaction rates and the rate of excitation of the 
vibrational degrees of freedom of the molecules. 

The relationships between the velocity, the thermo- 
dynamic variables of state, and the degree of dissocia- 
tion behind the shock front and conditions in front of 
the shock wave can be established by the conservation 
equations and the equation of state as follows: 


equation of state: 
p = p(1 + a)RT (5) 
where 
R = k/2m; m = mass of A 
conservation of matter: 
pu = pylty (6) 
conservation of momentum: 
p+ pu? = pity? (7) 
conservation of energy: 
E+ (p/p) + (u?/2) = m?/2 (8) 
conservation of species: 
u(da/dx) = @ (9) 


where & is given by the third-order kinetic equation ap- 
propriate to the reaction described by Eq. (2). That 


is, from Eq. (3a), 
a = (m/pV)N, (10) 
and, corresponding to Eq. (2), 


ty, = —(m4 + n4,)Re{(na)? — K pn 4,] (11) 


where A > is introduced by making use of the fact that, 


when 72 , 0 in Eq. (11), 


kn/Rr (47)*/8a* Kp 12) 


according to Eq. (4). 

The strong shock approximations':'* have been 
used in writing Eqs. (5), (6), (7), and (8). This implies 
that we are concerned with Mach numbers high enough 
that \/;° > 2/(y — 1), where y is the ratio of specific 
heats of the gas in front of the shock front. This ap- 
proximation makes use of the fact that the kinetic 
energy far exceeds the internal energy of the gas in 
front of the shock wave at the Mach numbers of interest 
to us here. For y = 1.4, for example, this requires 
that 1/,° > 5, certainly not inappropriate for the case 
at hand where the shock Mach number has to be 
higher than about 6 in order that dissociation occur. 

We proceed to solve for p, p, 7, and u as functions of 


a first, using Eqs. (5), (6), (7), and (8). Introduce the 


variable 8, where 
B=1+ [E (1 + a) RT} (13) 


then it will be found that 


p/pi = m/u = 28 — 1 (14) 
RI 2(8 — 1) l ”( ") - 
. om (15) 
uy" (1 + a)(28 -— 1)° (1 + a) p p 
and 
] 2 B ae 1) 
P = -=j]— 2 (16) 
7M? Pi 28 — | p 


It remains to solve for a and 6 as a function of dis- 
tance x behind the normal shock front through differ- 
ential Eqs. (10) and (11) and approximations yet to be 
introduced. 

In Eq. (13) 


E=Er+Ergt+F’y+Ept+ Eg (17) 


where the subscripts 7, Xk, V, D, E refer to translation, 
rotation, vibration, dissociation, and electronic degrees 
of freedom, and F£ is the internal energy per unit mass 
of the gas. To proceed, we will assume -, = 0, that 
is, the temperature of the gas is such that negligible 
energy is stored in the electronic degrees of freedom of 
A and A». (This is not to say, however, that the elec- 
tronic state partition function will not be used later in 
determining the equilibrium degree of dissociation.) 


Ep = (D/2m)a 


by definition. The remaining components of £ are ob- 
tained from the partition functions for monatomic and 
diatomic molecules."° That is, 


E, = 2aRT*(d dT) } log [(Q,) 4] } + 
(1 — a)RT*(d/dT) }log[(Q,)4.)} (18) 


for 2 = 7 and R and 
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E’y = (1 — a)RT’2(d/dT") log [(Qy) 4.) } (19) 


In uriting Eq. (19) we have assumed the lagging vibra- 
tional degrees of freedom are in a quasi-equilibrium state 
at a representative temperature 1” «hich ts less than the 
temperature T characterizing the other states. Implicit 
in this relation is the assumption that the vibrational 
degrees of freedom are initially in equilibrium with a 
Boltzmann distribution function at a temperature 7” 
equal to the low temperature before the shock front, 
and that the collision mechanism which raises the vi- 
brational energy after the shock front is such that 7” 
approaches 7 while the Boltzmann distribution func- 
tion is maintained at every intermediate temperature 
7’. The change in distribution of vibrational energy 
with distance behind the shock front is thus character- 
ized by the variation of 7” as it approaches 7. The 
ramifications of this assumption and possible inade- 
quacies of it are discussed in references 16 and 17. 

An equation for /’y in terms of 7 and 7” may be ob- 


tained as follows: 


dE' y dE’ y OF’, di’ Ok’, da : 
=U a = + (20) 
d dx Ol” dt Oa dt 
where, when a = constant, !!7'5 
OF V dl = dE V = l (Ey Pe gs) (20a) 


ol’ dt dt tr 
and, according to our assumptions, 
Ey _ E,(T): Ey ae Ey( / 


Now 7”(x) can be related to 7(x) through Eqs. (19) 
and (20). We find" for a harmonic oscillator, 


a exp (T'y/7") : (=) ’ 
MW(T | a, = = 1.58 (21 
(Ov(T)| a os?) =1 ) T, ) 


where 7) = hv/k and we introduce the approximate 
vibrational degree of freedom partition function on the 
right-hand side of Eq. (21) for the following reasons: 
(1) In the temperature range of interest here it ap- 
proximates the more exact function and has a much 
simpler dependency on 7”, (2) It will allow the deriva- 
tion of a simple, useful expression for 7” as a function 
of 7 and x, and (3) When used with Eq. (19) it gives 
a value for Ey’ which is equal to that assumed in refer- 
ences + and 13 and thus relates the present qualitative 
results to earlier investigations. 

When Eq. (21) is substituted into Eq. (19) and the 
proper translational and rotational partition functions 
for monatomic and diatomic molecules" are substituted 
in Eq. (18) we obtain 


Ey, = (3/2)(1 + a)RT (22a) 
Er = (1 — a)RT (22b) 
E’y = (1/2)(1 — a@)RT’ (22c) 
and, as was introduced earlier, 
Ep = (D/2m)a (22d) 
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and Er, = 0 (22e) 


It will be noted that H; and He reduce to the proper 
values for monatomic and diatomic molecules when 
a = | or O, respectively, and that E’y = (1/2)R7”, one 
half the fully excited classical value, when a = 0 and 
that E’y = 0 when a = 1. 

To obtain a(x), Eqs. (5), (4), the translational, rota- 
tional, vibrational, and electronic partition functions 
for monatomic and diatomic molecules, and Eqs. (10) 
and (11) must be used. Reference 15 gives partition 
functions for the translational and rotational degrees of 
freedom, Eq. (21) gives a convenient approximation for 
the vibrational degree of freedom which will be used, 
and the electronic states of any gas considered will be 
assumed to be either fully excited at the temperatures 
under consideration or unexcited. For example, for 
N, Ne, O, and O: we assume the ground states only are 
fully excited with the other states being unexcited at 
the temperatures under consideration. For O2 and No, 
the major constituents of air, this gives the values for 
the electronic freedom partition func- 
tions'® * shown in Table 1. 

With these simplifications Eq. (4) becomes 


(a*)? Pp ( =) ( =] 92 
= aa Dp {| — — (25) 
1 — a*® p \l 1 


where pp and 7’p are characteristic of the gas under 
For example, using the appropriate 


degrees of 


consideration. 
physical constants for oxygen and nitrogen the values 
shown in Table 2 are obtained. 

The local value of a approaches a* downstream of the 
shock front at a rate determined by the rate constant 
kz and the equilibrium constant Kp as will be shown. 
Use of Eqs. (3), (9), (10), and (11) yields 


da/dx = —(1/ura)(a — a*) (24) 


l k V\? * - 
= — (° ) (1 + a) (« a z ) (25) 
Ta 2 m 1 — at*® 


Thus rq varies with x since kp, p, a, and a* all vary with 
This completes our 


where 


distance from the shock front. 
system of equations for the variables u, p, p, 7, 7”, a, 
and a*. 

Useful and desirable equations for 8 and p now result 
from inserting Eqs. (22) into Eqs. (17), (13), and (14). 
These are 


TABLE | 














Gas : 
(Az) (Qe)a (Qe) 
Oz 9 3 
No i | 
TABLE 2 
PD Tp 
Gas (gram /cc. ) (*K.:) 
O, 187 59,000 (Ref. 13) 
Ne 135 113,300 (Ref. 14) 
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and 


(27) 
where 7), 7”, and a are functions of x to be determined 
through Eqs. (15), (20), and (24). 

Our system of equations can be reduced to four equa- 
tions to be solved simultaneously for p, 7, 7’, and aas 


functions of the independent variable x. That is. 


Eq. (27) gives p(7, 7”, a) and u(7, 7”, a@) 

Eq. (15) + Eq. (26) gives 7(7”, a) 

Eq. (20) + Eq. (22c) gives 7”(7, a, x) 

Eq. (23) + Eq. (24) gives a(7, 7”, p, x) 

The remaining variable of state, p, can be obtained 


by using Eq. (5). 


The combination of Eqs. (20) and (20a) with Eq. 
(22c) and Eq. (24) can be integrated to obtain 7”(x) 
and a(x). In order to facilitate the numerical integra- 
tion these nonlinear differential equations are manipu- 
lated in a straightforward fashion to obtain: 


* a(&, a(&, 
Se sp EE oe: SE gg (28) 
dk 4 Ty(La) Ty(La) 
with the boundary condition that 7” = 7) at t4 = 0. 


a(&,) is obtained from Eq. (24) slightly rearranged, viz: 

(da/d%a) t+ a— a*=0 (29) 
with the boundary condition that a = 0 at 7, = 0, and 
where, in both Eqs. (28) and (29), 


: * dx 
La = 
0 UTa 


In Eq. (28) and Eq. (29) a* and 7 are both functions 
of ¥4 determined by Eqs. (23) and (15), respectively. 
Thus, Eqs. (28) and (29) can be integrated in com- 
bination with Eqs. (5), (15), (26), and (27) to obtain 
T’(a), a(%a), p(¥a), T(€a), p(¥#a), and u(%q) once ap- 
propriate functional relations for ra(7, 7”, p, a) and 
Because these functional rela- 


(30) 


ty(I, p) are known. 
tionships are determined by rate constants at present 
inexactly determined it was decided to study the prob- 
lem systematically by assuming various feasible con- 
stant ratios of rz to ry. Eqs. (28) and (29) were inte- 
grated numerically, using an IBM 704 Computer, to 
obtain 7’(ta), T(%a), p(¥a), a(&a), a*(%a), and p( Xa) 
for constant values of the ratio of rgto ty. The results 
are described in the section following. 

Once a dependent variable is determined as a func- 
tion of #,, its variation with x, the distance from the 
shock front, is obtained from a simple inversion and 
quadrative of Eq. (30)—+.e., 


Rd : 
x(¥a) = f u( a) tal Lada (31) 
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Fic. 2. Calculated values of vibration and dissociation relaxa 
tion times according to Eqs. (20a) and (25) witha = 0. After 
Heims.!? 


The example calculations to be described are approxi- 
mate to the extent that values of rz and ry constant 
are assumed for the reasons cited. It should be appar- 
ent, upon examining Eqs. (28) and (29), that a simple 
modification of the integration routine is involved when 
both 7, and ry are assumed to vary with Z, through 
their dependency upon 7, 7”, p, a*, and a. The re- 
sulting curves of 7’(%,), a(#,), etc., calculated for r,4 
and ry varying with <, would then intersect the curves 
calculated here for constant values of rg and ry at 
points of intersection determined by the variation of 
raand ry with 7(%2), T’(#a), a(¥%a), a*(%e), and p( aq). 
However, the region determined by integrations with 
Tq and ry constant will cover the region which would 
result if rz and ry were allowed to vary. Hence, it was 
believed that the sought after dependency of state vari- 
ables behind a strong normal shock front upon reaction 
and relaxation rates will be illustrated by these calcula- 


tions. 


Example Calculations 


It should be apparent that in order for the density 
“overshoot” phenomenon to occur for the reason de- 
scribed herein the vibrational ‘‘relaxation time,’ ry, 
must exceed the dissociation “relaxation time,” ry. 
There has been evidence advanced that vibrational 
relaxation times for oxygen can exceed dissociation re- 
laxation times for oxygen by an order of magnitude or 
more at temperatures exceeding 6,000°K. at densities 
greater than or equal to 0.01 sea level density. Fig. 2, 
taken from reference 12, illustrates this evidence. The 
Ty and rz shown on Fig. 2 correspond to the ry and ra 
of Eq. (20a) and Eq. (25), respectively, calculated for 
a = (0 which corresponds to Zz = 0. 

Since it is much simpler to deal analytically with a 
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Fic. 3. Equilibrium degree of oxygen dissociated downstream 
of the shock as a function of shock Mach number for vibration 
frozen out and in equilibrium. p; = 0.565cem. Hg, 7, = 295°K 


pure diatomic gas than a mixture of gases such as air, 
and since oxygen is a component of air and much data 
are available for oxygen, this diatomic gas was chosen 
for example calculations. It would be preferable to 
treat the case of air as a mixture of monatomic and 
diatomic gases, chiefly oxygen and nitrogen, and thus 
deal directly with a clearly practical gas mixture. 
However, the complexity involved seemed to be an 
over-refinement to the author, whose objective was to 
demonstrate the dependency of state variables down- 
stream of the shock front with variations in chemical 
and vibrational reaction rates. It should be pointed 
out that the differences in oxygen reaction rates and 
nitrogen excitation and reaction rates may introduce 
similar density overshoots for strong shock waves in 
air as was suggested by Logan.*! Essentially these are 
problems in lagging adjustment to equilibrium of one 
or more internal degrees of freedom similar in principle 
to the problem dealt with here. 

Figs. 3 and 4 show equilibrium degree of dissociation 
and equilibrium density ratios behind a strong shock 
wave in oxygen for 7; = 295°K. and p; = 0.565 cm.Hg. 
The equilibrium degree of dissociation was calculated 
using Eqs. (15), (23), (26), and (27) with 7” = 7 when 
vibration is to be considered in equilibrium and 7” = 
7, when vibration is frozen out. An iteration is in- 
volved in the calculation. As might be expected, the 
equilibrium degree of dissociation, a, is greater when the 
vibrational degrees of freedom are frozen out, and, con- 
sequently, as Eq. (27) would suggest, the equilibrium 
density ratio is greater. Thus the necessary condition 
for a maximum in the density between the shock front 
and the position where full equilibrium is reached is 
established. The sufficient condition will be found to 
be that the rate of vibrational excitation must lag the 
rate of dissociation by a significant amount. 

Note that in Fig. 4 the equilibrium density ratio 
reaches a maximum with shock Mach number far above 
the nondissociating, nonvibrating, diatomic strong 
shock value of six, before ionization becomes significant. 
Calculations beyond Mach 20 were not undertaken 
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because of the necessity of accounting for ionization 
which is not related to the objective of this paper. 

Data points reported by Byron® and by Matthews’ 
for pure oxygen at an initial pressure of 1 cm.Hg are 
shown on Fig. 4 for comparison. Also shown is the 
curve of equilibrium density ratio calculated for an 
initial pressure of 1 cm.Hg using the methods of this 
paper. The agreement between theory and experiment 
is satisfactory. 

Fig. 5 shows the approach to equilibrium of the de- 
gree of dissociation behind a normal shock wave with 
normalized distance behind the shock front at a shock 
Mach number of 13 for the case of vibration frozen out 
(ry = ©), vibration in equilibrium (ry = 0) and for 
intermediate cases where vibration is concurrent with 
or lags dissociation (ty = ta, 47a, and 20 ra). Eggs. 
(15), (23), (26), (27), (28), and (29) were used to calcu- 
late a(#,) for the chosen ratios of ry, to ry. It is seen 
that when vibration lags dissociation a maximum value 
of a is realized between the shock front and the position 
where fuil equilibrium is achieved. 

Fig. 6 shows the density ratio behavior behind the 
shock front for the cases corresponding to the ap- 
proaches to equilibrium dissociation shown in Fig. 5. 
The maximums in density ratio expected are obtained. 
It can be concluded that a lag of an internal degree of 
freedom such as vibration behind dissociation can result 
in a maximum in the density profile behind a strong 
normal shock providing the relaxation time of the lag- 
ging internal degree of freedom is sufficiently greater 
than the dissociation relaxation time. 

The temperature behind the shock front for the Mach 
13 shock wave considered in Figs. 5 and 6 varies from 
about 9,700°K. where the translational and rotational 
degrees of freedom only are in equilibrium (7, = 0) 
to the downstream equilibrium value of about 3,470°K. 
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Fic. 4. Equilibrium density ratio downstream of a strong 
normal shock wave in oxygen for the case of full equilibrium and 
the case where vibration is frozen out. Data points from ref- 
erence 6 and reference 7 for p; = 1 cm. Hg. 





m 
cn 
WI 
in 


ation 


hews’ 
g are 
s the 
r an 
this 
nent 


> de- 
with 
10ck 
out 
| for 
with 
Eqs. 
Icu- 
seen 
alue 
Hon 


the 
ap- 

Le 
ied. 
> of 
sult 
ong 
ag- 


ter 


ich 
ym 
nal 
0) 


vel 





eer a 





CHEMICAL AND 









45 | 7 1,=00, VIBRATION — 
| FROZEN OUT 
VIBRATION T=20Tq | 
40 ——————— 


LAGS T= 4Tq 
DISSOCIATION J ty= Tq 
— — 








t, =O, VIBRATION 
IN EQUILIBRIUM 





a 














a 
—— oO . } —— 
M,= 13 
p, =.565 cm. Hg 
7.’ = 295° K seamcaiinat 
0,=0+0 
- + — —“ 
* 4 
} i 
2 -| 1@) ! 2 
10g (4) 
Fic. 5. Variation of degree of oxygen dissociated with nor- 
malized distance from the shock front at VW, = 13, pi = 0.565 
em. Hg, and 7; = 295°K. for the cases of vibration concurrent 


with or lagging dissociation. Note the appearance of a maximum 


in w for the latter cases 


Thus, according to Fig. 2, 
T 207g at fa = 0 
and Ty > 74/90 as am 
At about 
¥a = 0.2 (logy Fa = —O0.7) 


the temperature for all cases considered here has dropped 
to about 6,000°K. at which time, according to Fig. 
2, 7r¢ = Ty. When tq> 0.2 then ry < 7a, according 
to Fig. 2, and based upon Figs. 5 and 6 no maximum in 
the density ratio or degree of dissociation would occur. 
However, it should be apparent that when ry is larger 
than ry, or when vibrational relaxation lags dissocia- 
tion, a maximum in the degree of dissociation and hence 
the density will appear between the shock front and the 
position of full equilibrium. 


Conclusions 


The following conclusions are arrived at based upon 
the findings of this paper: 

(1) When a diatomic gas dissociates upon passing 
through a strong shock wave the degree of dissociation 
and the density can pass through a maximum with in- 
creasing distance from the shock front depending upon 
the relative rates of dissociation and vibration excita- 
tion. However, for the example calculations chosen 
here it is unlikely that a maximum would occur if the 
vibration and dissociation relaxation times of Fig. 2 
were assumed to apply. 

(2) If the vibration and dissociation relaxation times 
of Fig. 2 are assumed to apply for oxygen then relatively 
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Fic. 6. Variation of density ratio with normalized distance 


from the shock front at JJ; = 13, p; = 0.565 cm. Hg, and 7, = 
295°K. for the cases of vibration frozen out, vibration in equi- 
librium, and vibration lagging dissociation. Note the maximum 
in the density ratio for the latter cases 


strong shock waves are required to produce the com- 
bination of temperature and degree of dissociation 
downstream of the shock wave necessary for density 
overshoots to occur. For example, using the shock 
Hugoniots for oxygen of reference 22, typical shock 


wave strengths required to produce a temperature of 


6,000°K. downstream at equilibrium are tabulated 
below. 
Downstream 
Shock Equilibrium Equilibrium 
Mach Upstream Downstream Degree of 
No Pressure Temperature Dissociatic n 
17.5 1 atm. ~6,000°K, ~0. 50 
20.0 0.13 atm. ~6,000°K, ~0. 80 


(3) The equilibrium values of shock-wave density 
ratio calculated by the approximate methods of this 
paper are in good agreement with values reported in 
reference 22 which were calculated without the simpli- 
fying assumptions assumed here. The values of 
equilibrium density ratio calculated using methods of 
this paper agree well with measured values reported 


in references 6 and 7. 
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Stability of Pa rtially Controlled Motions (Continued from page 26) 





Then, the double inequality 


rt+r 
| A u(s)ds 


t 


y, (Al4). 


t+r 
f A,(s)ds < i+ 7) -—-YWHN< 
t 
(A16) 


will be fulfilled at all times. Hence, the sought-for 
evaluation may be obtained graphically. 
A very rough evaluation may be obtained by sub- 


stituting l.u.b. A(t) in the left-hand side of Eq. (A15): 
ras 


tT > m/l.u.b. Ajss(t) (A17) 
t> lo 


ti 
where 


A w(t) = 3 (— pr + po) + V [/s(prs + px)? + Pu? | 
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_ Experimental Investigation of the Downstream 


Influence of Stagnation-Point Mass Transfer' 


PAUL A. LIBBY* ann ROBERT J. CRESCI** 
Polytechnic Institute of Brooklyn 


Summary 


This report presents the results of an experimental investiga 
tion of the downstream influence of localized mass transfer in the 
stagnation region of a blunt body under hypersonic flow con- 
The coolant is injected through a porous plug coaxial 
The tests were 


ditions 
with the centerline of symmetry of the model 
carried out in a wind tunnel with a Mach number of 6.0, stagna- 
tion temperatures of approximately 1,600°R., and a stagnation 

Four different gases were 
The heat transfer on the im- 


pressure Of approximately 600 psia. 
injected over a range of mass flows 

permeable section was measured under isothermal wall con- 
ditions; for the higher rates of mass flow, adiabatic surface tem- 
peratures were also determined. The theoretical analysis of the 
boundary-layer flow is investigated in order to establish the simi- 
larity parameters for the flow system. These parameters permit 
the extrapolation of the test results to other flow conditions, 
provided that laminar flow prevails. Helium is found to be the 


most efficacious coolant. 


Symbols 
A = surface area of body 
A p = porous plug area 
1, = total protected surface area 
iy = pu/ pee = Aensity-viscosity ratio 
( = specific heat at constant pressure 
d = shock stand-off distance 
= modified stream function such that f, = u/u, 
= h,/h,, = stagnation enthalpy ratio 

/ = enthalpy 
h = h;/h,, = static enthalpy ratio of species 7 
A = mass fraction of foreign gas or recovery factor [Eq 

(13b) 
k = thermal conductivity 
Le = Lewis number 
m = mass flow of injected gas per unit time 
Vy = GRolCp)se/(Nee — Nw )Rse = Nusselt number 
Ve = (Pee V MeeRo/ psp) Gse'!? = Reynolds number 
N = (m./Rou;.)Nr 2) = mass-transfer similarity pa- 

rameter 
N = Ny,Np~“!2) = heat-transfer similarity parameter 
p = pressure 
@] = effective enthalpy [defined by Eq. (11 
Q = effective enthalpy for isothermal wall 
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Q = effective enthalpy for adiabatic wall 

Oo = effective enthalpy on porous plug [x7 = x; in Eq 
(11) 

Q1 = total effective enthalpy of absorption 

g = surface heat-transfer rate 

Ro = nondimensionalizing length (hemispherical nose 
radius ) 

r = radial coordinate to body surface 


transformed surface coordinate [defined by Eq. (4)] 


on 
ll 


7 = 7,/T,, = temperature ratio 


u = velocity component parallel to the surface 

v = velocity component normal to the surface 

WwW = Baw = Taw/Ts, = adiabatic wall-temperature ratio 

x = space coordinate along the surface 

x7 = maximum length of surface influenced by coolant 

F = x/Ry = nondimensionalized space coordinate along 
the surface 

y = space coordinate normal to the surface 

a = persistence factor [defined by Eq. (14a 

B = (23/u,)(du,/ds) 

n = transformed coordinate normal to the surface |de 
fined by Eq. (5) 

J = 7/T,, = temperature ratio 

m = viscosity coefficient 

7 = pe/us, = Viscosity ratio 

p = mass density 

p = p-/ps, = density ratio 

a = Prandtl number 

Pee Ps-/PseMse = real-gas paramcete 

Subscripts 

aw denotes conditions evaluated at the wall temperature 
for the case of zero heat transfer 

c denotes foreign-gas characteristics prior to injection 

e denotes local conditions external to the boundary 
layer 

1 denotes the gas under consideration 1 for foreign 
gas; 7 = 2 for primary gas 

s denotes stagnation conditions 

Se denotes conditions external to the boundary laver at 
the stagnation point 

w denotes conditions evaluated at the wall 

( n = O/On partial differentiation with respect to the 
transformed normal coordinate 

§ = 0/08 partial differentiation with respect to the 


transformed surface coordinate 


(1) Introduction 


6 iw PROBLEM of aerodynamic heating in supersonic 
and hypersonic aircraft and missiles has been the 
subject of considerable research in recent years. The 
heating rates encountered in practical flight problems 
are so severe that a variety of means for alleviation 
have been proposed and studied. For many years it 
has been known that significant reductions in heat 


transfer can be achieved by injecting a fluid into the 
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Fic. 1. Schematic diagram of localized mass-transfer system 


boundary layer. Thus a relatively low-energy gas can 
be interposed between the high-energy stream and the 
solid surface. Various modes of injection and various 
cooling fluids have been considered. The selection of 
the mode of injection and of the coolant from the variety 
of possibilities depends on the particular application. 
Indeed, a currently popular heat protection system in- 
volves sublimation from the solid surface; thus the 
mass transfer is continuously distributed along the solid 
surface and is intimately related to the heat transfer 
thereto. 

Considered here is the mass transfer system shown 
in Fig. 1. A foreign, chemically inert gas is injected 
through a porous surface in the nose region of a blunt- 
nosed, axisymmetric body. The injected mass and 
momentum are assumed to be so small as not to affect 
the essentially inviscid flow; thus the influence of the 
injected fluid can be considered in terms of altered 
boundary layer behavior. Two regions of the solid sur- 
face can be delineated; for values of the surface coordi- 
nate measured from the axis of symmetry (denoted as 
x) such that 0 < x < wx,, the injected gas directly in- 
fluences the boundary layer behavior, while for x > x; 
the effect of the injection is to alter the boundary layer 
behavior because of its downstream influence. If x; is 
sufficiently small, the injection region corresponds to 
stagnation point flow with mass transfer. 

Such a mass transfer system corresponds to localized 
porous cooling wherein the amount of injected gas is 
more than sufficient to protect the porous region itself 
but is expected to reduce or to eliminate the heat trans- 
fer on the downstream, impermeable region. Localized 
injection of the type described here may, for example, 
be of practical utility in connection with radome or in- 
frared seekers wherein the heat protection system 
must satisfy certain requirements of temperatures, ma- 
terials, simplicity, and coolant storage volume. 

Consider previous research pertaining to the flow 
treated here. Since the injection is considered to pre- 
vail in a stagnation region, the extensive literature on 
stagnation flows with mass transfer is pertinent. Of par- 
ticular interest for the injection of chemically inert 
gases is the work of Hoshizaki and Smith! * who treated 
the case of helium injection, and of Hayday,* who con- 
sidered the injection of hydrogen without chemical re- 


52 JGURNAL OF THE AEROSPACE 


SCIENCES—JANUARY, 1961 

action. The case of homogeneous injection wherein the 
coolant and the external flow are chemically identical 
has been studied by Morduchow,‘ Brown and 
Donoughe,® and Reshotko and Cohen.6 Scala and 
Sutton’ have treated the case of air injection into a dis- 
sociated air stream in chemical and thermodynamic 
equilibrium. From these references it may be inferred 
that considerable work has been devoted to homogene- 
ous flows while relatively little has been devoted to 
heterogeneous flows. 

There appears to have been no analysis of the bound- 
ary layer on the impermeable surface (x > x,;) down- 
stream of the injection region. Hoshizaki and Smith! 
considered the gross downstream influence of helium 
injection by introducing ‘‘a persistence factor’’ which 
was “‘chosen somewhat arbitrarily.’’ Rubesin and 
Inouye’ considered a related but simpler problem for a 
homogeneous gas—-namely, the downstream effect of a 
coolant introduced in a porous region on a flat plate. 
In passing, it might be mentioned that considerable ex- 
perimental and theoretical research has been devoted 
to the related problem of mass transfer through a dis- 
crete jet or slot with a liquid and gaseous coolant. The 
reports by Ferri and Bloom® and McMahon" provide, 
inter alia, recent reviews of much of the literature per- 
taining thereto. The problem of the discrete jet differs 
from that considered here in that the injection may in- 
fluence significantly the inviscid flow field, at least in 
the neighborhood of the jet. Thus a boundary layer 
description of the flow may not be adequate near the jet 
exit. In reference 9 there was presented an analysis of 
the turbulent flow on a body of revolution with an up- 
stream air jet; the downstream effect of the jet was 
represented by an energy sink, in order to derive the 
correlation parameters of the flow. 

In this report an experimental investigation of the 
laminar heat transfer to the impermeable surface is 
described. The tests were carried out at a Mach 
number of 6.0 in the PIBAL Hypersonic Wind Tunnel. 
Four coolant gases (helium, nitrogen, argon, and kryp- 
ton) were used; a range of weight flows was covered for 
the three gases cited first. First the applicable simi- 
larity laws are derived from an examination of the 
boundary layer equations. Then the test conditions 
and testing techniques are presented. Finally, the ex- 
perimental results are described and discussed. 


(2) The Theoretical Problem and the Similarity 
Parameters 


Consider the problem of treating theoretically the 
axisymmetric boundary layer under consideration. In 
order to simplify the discussion the following two as- 
sumptions will be made: 

(1) u.*/hs, < 1. Over the nose region of blunt- 
nosed bodies of practical interest this ratio is on the 
order of 1/3 to 1/2 and has a small effect on boundary 
layer behavior. 

(2) Le = 1. For a Lewis number of unity the 
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DOWNSTREAM 


boundary layer equations and the evaluation of heat 
transfer are greatly simplified. 

It will be shown below that these two assumptions 
are not essential and that the same conclusions and 
similarity parameters prevail when these assumptions 
are not applied. Thus the boundary layer in a binary, 
nonreactive gas mixture can be described when the 
foreign gas does not exist in the external flow by the 
equations (cf., for example, reference 11) 


6 ee + | + B(p./p $27 = 25( Sales FJaae 1) 
, 1k” | iL” mn oe P Pip) cee ¥ ‘ 

(CoA,), + fa, = BULK; — f%) ©) 

(Co—'g,). + fay = 2/83 — Fike) (3) 


where the transformed coordinates 5 and 7 are related 
to the space coordinates x and y by the transformations 


a 


x 
$5 = Pelee %y” AX 1) 
/7 0 


wy 
ws | (p/p.)ro dy (5) 
0 


It should be noted that the analysis of foreign gas in- 
jection into a hypersonic airstream with dissociation 


n = p,lt,(25) 


present is more accurately described in terms of a ter- 
tiary system of atoms, molecules, and foreign gas. 
Hoshizaki and Smith! * approximate this system by 
neglecting the diffusion of atoms and molecules while 
using the equilibrium gas properties of dissociated air. 
The accuracy of this approximation has apparently not 
been examined. Here it is assumed either that this ap- 
proximation is valid, or that the external stream has a 
negligible degree of dissociation. 

Now consider the solution valid in the region 0 <5 < 
§;, where 5; corresponds to the value x = wx,. If it is 
assumed that 5; is sufficiently small and the boundary 
conditions are appropriate so that a stagnation-point 
solution is valid in this region, then ( ); ~ 0, 1.e., /, g, 
and A are functions of yn alone, and 8 = 1/2. The 
boundary conditions which must prevail for this region 


are: 
aty =0:f = f(0) (6a) 

f, =0 (6b) 

g = g(O) (6c) 

K = K(0) (6d) 

aty— ~: f, = 1 (Ge) 

g = 1 (6f) 

K = 0 (6g) 


If the coolant is chemically identical with the gas in the 
external flow, K = 0. The values of f, g, and K at 
» = O are not independent in a practical flow. If it is 
required that there exist balances of mass and energy at 
the porous surface (n = 0)—.e., that timewise steady 
conditions prevail—then Eqs. (6c) and (6d) are re- 
placed by 

f= K,C/(1 — K)o (6h) 


7 


—fih, — ho = Clg, — (i — he) K,] (Gi) 


INFLUENCE OF 


MASS TRANSFER 53 


where h; = h;/h,,, 1 = 1 for foreign gas, and i = 2 for 
gas in the external flow; and h, h./h,,, he being the 
enthalpy of the foreign gas prior to injection. 

In the region 5 > 5, the flow is no longer similar, i.e., 
( ); # Oin general. The boundary conditions which 
prevail at 7 > © are those of Eqs. (6e), (6f), and (6g). 


For n 0 the conditions on f and K are clearly 
f = ( 6j) 
- = 0 6k) 
AK, = 0 6m) 
while those for g can take on a variety of forms. The 


most general case involves a relation between g and g,. 
However, two limiting cases are of fundamental in- 
terest; in the first the surface temperature 7}, is con- 
stant and thus g and g, at n = 0 are to be determined, 
while in the second g, at » = O is to be zero; that is, the 
surface is adiabatic and 7), and g,, are to be deter- 
(The subscript w denotes wall conditions y 

prevailing 


mined. 
0.) The first 
initially in hypersonic wind tunnel tests when a transient 


case corresponds to that 


technique is applied for the determination of heat trans- 
fer; the second can correspond to such tests if con- 
tinued for long test times. Moreover, the second case 
may be a good representation of the practical case 
wherein the stagnation point injection is utilized to 
keep the surface temperature in steady flight at a tolera- 
ble level. Surface radiative heat transfer and stream- 
wise heat conduction within the material can, however, 
lead to modifications of the adiabatic surface tempera- 
For clarity, the first limiting case will be dis- 
the same general discussion in modified 


ture. 
cussed here; 
form can be applied to the second case and to the more 
general relations between g and g, at 0. Thus the 


last boundary condition at 7 = 0 is 


7, = constant (6n) 
It should be noted that the wall temperature in the 
downstream region is not necessarily equal to that on 
the porous region. 

The nonsimilarity of the flow in the region § > §;, re- 
quires the specification of initial conditions on /, A, and 
gat =§,. This initial point corresponds to a discon- 
tinuity in boundary conditions and thus to a point 
where the boundary layer approximations are not 
strictly valid. However, it is generally assumed that 
within a streamwise length corresponding to several 
boundary layer thicknesses these approximations are 
again valid; thus the usual procedures for treating dis- 
continuities in finite form are applied. In reference 12, 
Libby and Pallone treated a similar discontinuity for 
the homogeneous boundary layer by making the 
boundary layer thickness, surface temperature, and the 
fluxes of mass, momentum and energy continuous.* 


* Although the matching at the discontinuity was treated 
properly, the extra parameters so introduced should have been 
considered functions of x; thus the analysis in reference 12 ap- 
plies only in the neighborhood of the discontinuity 








54 JOURNAL OF THE 
Rubesin and Inouye® made the boundary layer thick- 
ness, the skin friction, and surface temperature con- 
tinuous. 

For the present discussion it is assumed that integral 
conditions on /, K, and g and the boundary conditions of 
Eqs. (Ge), (6f), (6g), (63), (6k), (6m), and (6n) are 
satisfied, and, thus, that at 5 = $,, f, K, and g are known 
functions of 7. 

Finally, it is necessary to discuss the functional forms 
for the transport properties of C and o, mass density 
ratio p,/p, and the component enthalpy ratios /; and hy». 
For a careful description of these quantities it is neces- 
sary to specify both pressure and temperature. How- 
ever, a description which would appear to be quite ac- 
curate over wide temperature and pressure ranges can 
be developed primarily in terms of the temperature 
ratio 0) = 77/7.; thus 


Cag af. (7a) 
o = [FO 4 F209") [F,© + F,8"] (7b) 
p/p = OF, (7c) 
h ™~as™ (7d) 
hn ~v" (7e) 


where each / denotes a function of the molecular 
weights and collision cross sections of the constituent 
gases, and of the concentration AK associated with the 
transport property denoted by the subscript; @ and the 
parameters ; are constants selected empirically for the 
range of temperature and pressure of interest.* The 
stagnation enthalpy ratio g is related to A and # by the 
equation 

g = K(h, — ho) + hy = K(ad™ — 9") + 8” (8) 


In terms of this description of the gas properties for 
a given mixture of gases, a solution to the two sets of 
equations and of boundary conditions for the regions 
0 <3 < 3,and 35> S, is specified, provided that: (1) 
in the former region f at 7 = 0, h,, and 3, (the injection 
rate, the coolant enthalpy relative to the stagnation 
enthalpy, and the extent of the injection region) are 
specified; (2) in the latter region 3, = 7),/7,, is speci- 
fied; and (3) the function B = 8(5) is known. 

The actual solution of the equations applicable to the 
stagnation region with the approximate description of 
gas properties given here can be carried out by integra- 
tion of three ordinary differential equations by either 
of the two integration techniques usually applied (cf. 
reference 13). The solution for the impermeable surface 
(§ > §,), however, involves greater mathematical com- 
plexity; simultaneous partial differential equations 
with split boundary conditions must be solved. In the 
present formulation only numerical procedures such 
as those described in reference +1 can be applied. 

Although no solutions are available for these equa- 
tions, the similarity requirements for this flow system 


é 


“a’’ the stagnation temperature 7,, appears 
Thus it is assumed here that 3 — ny;< 1. 


*In the constant 
to the power nm; — 74. 
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can be established from an examination of the equa 
tions involved. Consider two geometrically similar 
bodies; assume that the inviscid flows expressed in 
terms of stagnation conditions p,,, /,,, p,, by means of 
the variables jp, %, @ are identical functions of 7 = 
x/Ro, where Ry is a nondimensionalizing length.¢ As- 
sume further that the chemical composition of the ex 
ternal and coolant flows are identical; that the boundary 
conditions in terms of f at 7 = 0, h, and J, are identical 
in the two systems; and that a, mj, m», etc., are identical. 
Then the coolant mass flows will be related to one 


another by the equation 
~ ° { ‘si 9 
\m, Rous, R! 24 5 => 1%, Rou AN - at Il (9a) 
The interesting quantity on the impermeable surface is 
the heat transfer for the case considered; but this will 
be related in the two systems by the equation 


{ y7 Tr 12t. — In 1/2) v5 
1Nwu/ Neh = (Nwu/Ne'?hn = F(#) (9b) 
Thus the similarity parameters are 

Ni = (m-./Rows,)Ne,—"" Ne = Ny,NeR-"'? 
h, and #,,, so that 


Nz = N2(M,, he, Bn, ®) 

Several comments concerning this result are per- 
tinent: 

(1) The assumptions pertaining to u,?/h,, and Le = | 
clearly do not alter the discussion; the terms contain- 
ing the first parameter must be added to Eqs. (2) and 
(3). For a Lewis number not equal to unity a descrip- 
tion similar to Eqs. (7a) and (7b) for the Schmidt num- 
ber in terms of a function of A must be introduced. On 
the impermeable section, since A, = 0 at » = O, the 
heat transfer at the wall is proportional to g, and thus 
is given by the similarity parameter for heat transfer 
No». 

(2) The sensitivity of the heat transfer on the im- 
permeable surface in terms of Ny. to the third similarity 
parameter J,, may not be significant provided #,, is 
below a certain value. This would be analogous to the 
insensitivity of the hypersonic heat transfer in terms of 
N» to the wall-to-stagnation temperature ratio, pro- 
vided this ratio is less than approximately 0.4 (cf. 
reference 15, for example). 

(3) If there is considered the second limiting specifi- 
cation of the boundary condition at » = 0 for > $y, 
0, the solution of the equations would 


namely, g, = 
é 57 
In this case the tem- 


yield 7), and g, as functions of @. 
perature ratio represented by 3. = Jan = W = W (2) 
would be the interesting similarity parameter, where the 
subscript aw denotes an adiabatic surface. There re- 


sults 


W = W(N,, h,, 2) 


1 This requirement is satisfied quite accurately if an effective 
isentropic exponent 7 can be introduced such that 1.2 < 7 < 1.4 
and if the pressure distribution given by p = p/p,, = p(X) is the 


same for the two bodies. 
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The distribution of adiabatic wall temperature is thus 
seen to depend on N, and h,. 

t) The mass flow similarity parameter V, = m,+ 
Ryu.,N!!? can also be deduced from the representation 
of the effect of mass transfer on stagnation point heat 
transfer shown by Lees'* from the analysis of Reshotko 
and Cohen.* This representation results in the varia- 
tion of the ratio of heat transfer with mass injection to 
that without injection (Cy/Cy,) with the quantity 


B = (pv) w/ (Pette) Cy, (10a) 


But by the definition of Cy, for nonreactive mixtures, 


B ~ (pv) eCps,Ro/ksN p'!? (10b) 


or 


B~ m-./Rous,N p!!? (10c) 


Thus B is proportional to the parameter \,. 

In the experimental research to be described below 
there were obtained two sets of data corresponding to 
the two limiting specifications of the boundary condi- 


tions at » = 0. Thus, one set of data is presented in 


terms of Ny = N2(Nj, h,, dy, #) for a given wall tem- 
perature, while the second set of data is presented in 
terms of W = W(N,,h., %). The Reynolds number Nr, 


the enthalpy ratio h,, and the wall temperature ratio J, 
were essentially constant for all data so that a critical 
examination of the similarity parameters is not possible 
in terms of these data. 

The practical evaluation of a mass transfer system 
i.e., a particular mode of injection and a particular cool- 
is frequently carried out in terms of an effec- 
For the system being 


ing fluid 
tive enthalpy of the coolant. 
considered here, such an effective enthalpy, denoted by 
QV, can be defined as 


1 f(' 
{ (memo — Qm,JaA (11) 
m, J 0 


It is of interest to note that the integrand in Eq. (11) 
represents the heat reduction due to the injection, and 
thus can be considered a measure of heat ‘‘blockage’’ 


ll 


and of heat absorption. 

The parameter Q can now be evaluated for the two 
limiting cases, giving the heats of absorption for the 
isothermal wall and for the adiabatic wall; these are 
denoted by Q, and 0), respectively. 

For consistency, the heat transfer rates with and 


without mass injection must be evaluated at the same 
local wall temperature (or enthalpy) if the heat of ab- 


sorption is to be a measure of coolant efficiency. Asa 
result, 
a « 
Q = { (Ymc=0 — Yme)Ty=const. dA (12a) 
m, J 0 


rq a 
) oe l f oe | Serine feclne| dA ( 12b) 
mM. 0 is tad i 


since for Q, by definition g,,, = 0. In Eq. (12b)g¢m,-o is 
taken to be the heat transfer corresponding to the 
enthalpy difference (hae — hw)m,-0; multiplication by 
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the quantity within the brackets in the integrand leads 
to a rough correction for the heat transfer which would 
prevail with V, = 0 and with the surface temperature 
distribution given by adiabatic conditions with coolant 
flow. 

In terms of the similarity parameters and nondimen- 
sionalizing quantities introduced above, Q and (Q be- 


come 

2th,, hs ; : 

Q - (1 — #,) [(N2)n,-0 — Ne] edi (13a) 
Nio , / 0 . 

: ak, * : : goofs 

QO : (Ne) x,-0( Wm.-0 — Wm.) K-'?d% (13b) 
Nio e* 0 

where K = 1 — (1 — o,,'/2)(1 —T)(1 — 9,)>', (T= 

7./7,,). It will be noted that the factor A is introduced 


12b) to 
Eqs. (13a) and (13b) 


to change the enthalpy difference arising in Eq. 
that used in the parameter NV». 
indicate that Q ~ h,,F(Ni, h.) and therefore permit 
extrapolation of test results for Q to other flow condi- 
tions, provided that laminar flow prevails. 

The persistence factor introduced in reference | also 
provides a measure of coolant effectiveness; it is defined 
as 


a = (Ar/Ap)(Qo/Qr) (14a) 


It will be observed that the more persistent the down- 
stream effect of the coolant, the larger Q; will be and 
thus the smaller a will be. 

The effective enthalpy in the porous region Q» and 
the total effective enthalpy Q; can correspond to either 
O or Q defined above; in reference 1 Q was used and, 
therefore, the experimental data presented here were in- 
terpreted in terms of Q7 = Q and of Qo given by Eq. (13b) 
with 7, replaced by Z;. The expression for a in terms 
of the similarity variables presented here can be simpli- 
fied if several approximations are employed; over the 
» and W are 


region 0 < & < &; the parameters (N2)y, 


assumed constant, and? ~ #. Then 
A T [(N2)y, al l —_ W)] 0 
a 9 R 9 7 
<TINg” » » , y ‘ 
f (Ne) y,-0 (Wao — Wm-)K —'?di 
0 

(14b 
) 


Thus, for a given geometry, a = a(N;,h,); for N; large 
so that W,,,. < W,,.-0, a should become independent of 
Ni. 


(3) Model Design, Test Procedures, and Test 
Conditions 


A series of tests on the influence of stagnation-point 
coolant injection was carried out at a Mach number of 
6.0 in the PIBAL hypersonic wind tunnel, which is de- 
scribed in reference 17. The model used in the tests 
is shown schematically in Fig. 1. Details of the model 
construction and instrumentation are shown in Fig. 2. 
The injection region, made from porous stainless steel 
with a porosity of 50 per cent, subtended at the surface 
a total angle of 19.1°; thus 7; = 0.167. Considerable 
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Fic. 2. Details of model design and instrumentation 


care was devoted to minimizing eny step in the surface 
at the junction of the porous plug and the impermeable 
The coolant gas was introduced into a stagna- 
A pressure tap on the 


surface. 
tion chamber inside the model. 
coolant chamber and a thermocouple within the cham- 
ber permitted measurement of the coolant pressure and 
temperature. The model was constructed of stainless 
steel with a wall thickness of 0.050 in. and was in- 
strumented with surface pressure taps and thermo- 
couples located as shown in Fig. 2. 

The pressures were measured during the test on trans- 
ducers and recorded on single-channel recording po- 


tentiometers. The pitot pressure and stagnation tem- 
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Fic. 3. Pressure distribution. 


peratures were measured on probes mounted on the 
The 
thermocouples were also recorded on single-channel re 


model support and similarly recorded. model 
cording potentiometers. 

A transient technique was used to determine the 
heat transfer with an essentially uniform model tem- 
perature. The test procedure involved setting a coolant 
flow, activating all recording potentiometers and then 
establishing the hypersonic flow by withdrawing the 
valve in the throat of the nozzle. The initial rate of 
temperature rise can be directly interpreted in terms of 
the local rate of heat transfer (cf., for example, ref- 
18). 


no corrections for surface conduction are required and 


erence Since the initial temperature is uniform, 
the heat transfer corresponds to isothermal conditions. 

For the larger rates of coolant flow, the adiabatic sur- 
face temperatures were sufficiently low to be tolerable 
to the model. Therefore, the tests at these larger rates 
were continued until essentially timewise-steady surface 
temperatures were recorded. 

The coolant mass flow was determined from the initial 
temperature of the injected gas within the coolant 
chamber and from the pressure drop across the porous 
plug. The plug was calibrated over the entire range of 
coolant flows outside the wind tunnel by a flow meter.* 
For even the smallest rates of injection the mass flow is 
so large relative to that required for reducing the heat 
transfer to the porous plate itself, that the temperature 
rise of the porous plate during testing is negligible. 
Thus calibration external to the tunnel is considered 
satisfactory. 

An attempt was made to measure the temperature of 
the exposed surface of the porous plug by means of a 
bare-wire thermocouple through the im- 
permeable sections of the model and spot-welded to the 


inserted 


*It was found that the mass flow (lbs./sec.) could be corre- 
lated by the relation m, = 0.205 X 10~4m®-5%[p.2 — p,?]9-526, 
where m = the coolant molecular weight, p. = chamber pressure 
(psia), and ~, = model stagnation pressure (more generally the 
pressure on the low-pressure side of porous material) 
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porous material. This thermocouple was located off the 
centerline and at an azimuthal position so as not to dis- 
turb the flow over the pressure taps or thermocouples. 
This attempt proved to be unsuccessful since conduction 
along the thermocouple wires was excessive and the 
thermocouple reading, therefore, was erroneous. 

All tests were carried out at stagnation conditions 
of approximately 600 psia and from 1,500 to 1,700°R. 
The gas temperature in the coolant chamber was ap- 
proximately 530°R. for all coolants; thus, the range of 


values of /, for each gas was as follows: 


Helium 1.58 < h, < 1.70 
Nitrogen 0.32 < h, < 0.35 
Argon 0.16 <h, < 0.18 
Krypton h. ~ 0.08 


With the reference length of the model taken to be 
the hemispherical radius Ry = 1.5 in., the tests were 
performed in the Reynolds number range 0.22 < 
N,(10-*) < 0.29. The initial model temperature was 
approximately 550 to 600°R., so that the heat transfer 
data with isothermal surface temperature correspond to 
0.33 < 3, < 0.4. 

The roughness on the impermeable surface of the 
model was initially uniform and equal to approximately 
5 to 10 microinches r.m.s., as measured on a Brush 
Surface Indicator. At the completion of the test pro- 
gram of over twenty tests, the roughness was approxi 
mately 175 microinches in the stagnation region and 
100 microinches near the junction of the hemisphere- 
cylinder. Thus, there was a progressive degradation of 
surface finish as the test program proceeded. 

The accuracy of the measurements is estimated to be 
as follows: for pressures in the neighborhood of the 
stagnation value (approximately 18 psia), the error in 
overall pressure measurement is estimated to be Ap = 
+().10 psia; the coolant mass flow is estimated to be 
The temperatures read 


accurate within +5 per cent. 








(top left) 
Ni = 0; (top right) helium, N, = 1.64; (bottom left) nitrogen, 
N, = 9.53; (bottom right) argon, N,; = 11.73. 


Fic. 4. Shadowgraphs for various injection rates: 
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Fic. 5. Comparison of theoretical and experimental heat transfer 


with zero injection. 


by thermocouples and recorded on strip-chart po- 
tentiometers are estimated to be in error by +5°R. 
Because of the large number of parameters contributing 
to the heat transfer rate, it is possible to make on the 
basis of consistency and reproducibility only a rough 
estimate of the overall accuracy of the Nusselt number, 
N,,,; this is believed to be + 10 per cent. 


(4) Presentation and Discussion of 
Experimental Results 


The experimental pressure distribution is shown in 
Fig. 3 along with the modified Newtonian pressure dis- 
tribution usually used for comparison purposes 
Within the experimental error the pressure distribution 
was unaltered by the coolant flow even for the highest 
rates of injection. However, for the highest injection 
rates of nitrogen (V,; = 9.53) and argon (N; = 11.73), 
the shadowgraph pictures indicated that the shock 
stand-off distance was slightly increased; d/Ro, the 
ratio of stand-off distance to the radius of the hemi- 
sphere, was found to be > 0.14 for all coolant flows 
except those cited above; for these d/R ~ 0.16. In 
Fig. 4 are presented four typical shadowgraph pictures, * 

* The protuberance from the model above its centerline, seen 
in these pictures, is the external thermocouple with which an at- 
tempt was made to determine the surface temperature of the 
porous plug. Attention is also invited to the line which may be 
faintly seen in the flow ahead of the porous region; subsequent 
analysis of the stagnation-point boundary layer with large rates 
of injection has indicated that such a boundary layer consists of 
an isothermal layer close to the wall and a region of rapidly 
changing temperature and therefore of density at the outer edge 
of the boundary layer. It is this outer region which appears in the 
shadowgraphs. 





58 JOURNAL OF THE AEROSPACE SCIENCES JANUARY, 1961 


emi Hi mm UU ELAM atannannananaananatnat 





vscgd0cuesC44A4ALLEOLOOOLbLUUUUOG4OOOGuouuiOtUdtanuannougngsdenseesozo¥ecoucuccoeoUUoueouuuotouoonou4uuucuntoerstssseeenseesecegnesenueeeseuanuancus 































0 
h 
10 T 1.0 , ———_— > C 
il 
| | | @N,+953 
0 9+— co +—_______+ —+ +. 0. 9— a: at ho @n-ee8 {| _| I 
S N,* 482 ct 
Cc 
+4 +. ———— = ae ee Se 
ON, 1.99 : 
1s 
| { a ane 1. = On,* 108 _| _| t] 
O N,*1.36 © Ni* 0.79 d 
4 — ee 2 - j|___ == THEORETICAL,©,sO___/ F 
g x 
y > 
= s a 
a BO N,*040 8 p 
22 ~ 
> | | Caeser 1. > a ae | | " l 
z = 
. —— THEORETICAL,N,*0 a 11 
_ oO 0) z 
z Oo a} 
04 — —E seen! Ue | 
e) 
Oo 
> pt 
0.3}— oT Oo ———+-—________. al 
S¢ 
| - -2 4 me W 
it 
| 
| 
6:0). — 
Ww 
ti BASE 
| al 
af | a |_| 
() 05 10 15 20 25 30 A 
* ¥ i 
1c 
(a) Helium (b) Nitrogen ge 
tr 
th 
as 
1.0r- T a T a + a 1Or . r r r . —— 
| @ Nell 75 O N,*3.65 
® RETICA s 
o9}—_+ + +——— 0 N,*7.00 —+ — 09! | — ETICAL, Ni = 0 
| 
ra ON,*5.37 
0.6}— S } Omesee_{ ____| 
o ® O N,* 36! 
o7_ | Pisces Oe ROA ot = 
0 | — THEORETICAL, N, #0 
N 
~ 
~e@ 4 
rz =. 
eo ez i] 
z » g 
2 z 
« 7 2z 
2 n 7 
2 z 
= 
a 
2 
ij 
(c) Argon (d) Krypton 


Fic. 6. Distribution of heat transfer for various values of the injection-rate parameter. 
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one with zero injection and the other three with the 
highest rates of helium, nitrogen, and argon injection 
Careful examination of the last two are required to 
indicate the change in the position of the bow shock. 
It is concluded from these results that the experimental 
conditions correspond closely to the flow model dis- 
cussed in connection with Fig. 1. 

The heat transfer without coolant injection (VV, = 0) 
is compared with laminar theory in Fig. 5. The 
theoretical prediction is based on the heat transfer 
distribution of Lees'® and the stagnation-point value of 
Fay and Riddell.” In evaluating the external flow 
properties, an effective isentropic exponent equal to 
1.32 was assumed along with the experimentally deter- 
mined pressure distribution. It will be noted that the 
agreement between theory and experiment is good 
except in the stagnation region (x <0.6) where the ex- 
perimental values are approximately 15 per cent 
above the theoretical prediction. This may be as- 
sociated with the roughness of the porous surface or 
with the discontinuity between the porous plug and the 
impermeable surface. 

In Figs. 6a—6d the distributions of N. = Ny,N pz 
with x for various values of the injection parameter NV, 
are presented for helium, nitrogen, argon, and krypton. 
Also shown on each graph for orientation is the theoret- 
ical, zero-injection curve. All coolants exhibit the same 
general behavior; at low rates of injection the heat 
transfer is essentially that without injection except in 
the immediate region of the porous plug (x — wx); 
as the injection rate increases, the region of influence in 
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theoretical analysis of the stagnation point heat 
transfer with injection; the heat transfer decreases as 
the injection rate increases, the rate of decrease being 
more rapid as the molecular weight of the injected gas 
decreases. Thus, for a given mass flow, corresponding, 
for example, to N; = 1.5, helium is roughly twice as 
efficient as nitrogen in reducing heat transfer. At the 
more downstream stations corresponding to larger 
values of #, the variation of heat transfer with rate of 
injection decreases until for @ > 1.500, it is constant 
within the experimental accuracy. The influence of 
helium is seen to persist to larger values of # than that 
of the gases of greater molecular weight. 

In Figs. Sa-Sc there are given the experimentally 
determined distributions of W (the adiabatic wall 
temperature divided by the stagnation temperature) 
for various values of N, with helium, nitrogen, and 
argon. To give an indication of the effect of mass 
transfer, there is shown in these figures the distribution 
of W without mass transfer; this has been estimated 
according to the relation 


(W)n,- 


~1— (1 — o,,/)(1 — T) (15) 


where 7 is the ratio of static temperature external to 
the boundary layer to the stagnation temperature. 
In evaluating T an effective isentropic exponent of 
1.32 was used in connection with the experimentally 
determined pressure distribution. Eq. (15) applies 
for the flow with a recovery factor of o,,!/? and with 
constant specific heats. 
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(a) Isothermal surface 


Examination of Figs. Sa—Sc indicates that the effect 
of mass transfer on the adiabatic wall temperature 
persists further downstream than the effect on heat 
transfer with an isothermal wall. The adiabatic 
temperature increases from the end of injection ( = #,) 
to a maximum in the neighborhood of the sonic point 
and then decreases slightly over the remainder of the 
model. It should be noted that surface conduction 
and radiation from the model can alter somewhat the 
measured adiabatic surface temperatures. However, 
the greater influence of mass transfer on adiabatic 
surface temperatures is in accord with the results of 
references 9 and 10. Indeed, the influence of localized 
mass transfer in the region far from the region of in- 
jection has been analyzed in reference 9 by assuming 
that a heat transfer coefficient without mass transfer 
applies to a temperature potential representing the 
difference between the adiabatic surface temperature 
with mass transfer and the desired surface tempera- 
ture. 

From Fig. 8a it will be noted that helium injection 
at a rate corresponding to N,; = 1.64 results in a peak 
adiabatic surface temperature equal to 57 per cent of 
stagnation temperature. From Figs. 8b and Sc it 
will be seen that considerably larger rates of nitrogen 
and argon injection are required to obtain peak adia- 
batic temperatures of 75 to SO per cent of stagnation. 
The insensitivity of these peak temperatures for nitro- 


gen and argon to increasing injection rates indicates 
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(b) Adiabatic surface 


Fic. 9. Variation of effective enthalpy parameter with injection-rate parameter 
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Fic. 10. Variation of persistence factor with injection rate 
parameter. 


that larger porous regions (larger values of %;) should 
probably be considered for these coolant gases. 

In Figs. 9a—9b the effective enthalpies of the cool- 
ants in terms of Q and Q in nondimensionalized form 
are presented as functions of N,. The same general 
behavior is exhibited by both sets of curves; the product 
QN, appears to increase initially with N, in such a way 
that Q varies only slightly with N;. The results for 
argon indicate, however, that at some value of N;, the 
product QN, becomes almost constant with Nj, im- 
plying that Q ~ N,~'. Comparison of the effective 
enthalpies for the various gases clearly indicates the 
superiority of helium in terms of mass flow. 

In Fig. 10, the persistence factor a given by Eq. 
(14b) is presented for helium, nitrogen and argon as a 
function of the injection rate parameter N;.* The 
results for helium and argon clearly indicate a decrease 
in a (increasing effectiveness) with increasing N;; 
the results for nitrogen indicate an almost constant 
value. It is not possible from these data to confirm 
the value of a = 10 used in reference 1 for helium; the 
value of N, used there is less than the lowest value 
for which data on a were obtained. 

The experimental data presented here have verified 


*In evaluating (W)z~0 in Eq. (14b) it was considered suf- 
ficiently accurate to use the experimentally determined values of 
surface temperature on the porous plug. Although these were 
known to be high by 50 to 100°R., little error is involved in the 


calculation of (1 — W)z-+0. 


the generally accepted superiority of helium as a coolant 
to the other gases employed in this test series. The 
relative efficacy of coolant is usually evaluated on the 
basis of mass flow. However, there may be applica 
tions of mass transfer systems in which volume require 
ments on coolant storage are more stringent than mass 
requirements.? It is, therefore, of interest to compare 
the efficacy of the gases considered here in terms of 
volume time rate of coolant flow. 

Neither the temperature of the exposed surface of 
the porous plug nor the concentration of foreign gas 
there were obtained in the tests. Thus, a direct de 
termination of volumetric flow rate, independent of 
the particular porous plug used in these tests, cannot 
be made. However, an indication thereof can be ob- 
tained from an estimate of the injection velocity (v,,) 
at the exposed surface of the porous plug. To permit 
a comparison of the relative efficacy of the coolants, 
there is formed the ratio of the injection velocity to 
that of nitrogen for the same heat transfer rate in 
terms of V2. Thus, Figs. 7a—7c can be used to find the 
values of N,; for each coolant yielding the same values 
for N2. In computing the ratio v,/(v,)y, the injec- 
tion rates are assumed sufficiently high that the con- 
centration of foreign gas at the surface of the porous 
plug is 100 per cent and the exposed temperatures 


+ This consideration was suggested to the authors by Professor 
Antonio Ferri. 

t The smallest value of N, used in these tests corresponds to a 
value of —f(0) in reference 1 greater than unity; clearly, K, & 1. 
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The results so 
It may 


are assumed the same for all coolants. 
obtained for = 0.333 are shown in Fig. 11. 
be seen that the volumetric injection rate for helium 
is greater than that for nitrogen for relatively small 
reductions in heat transfer from the zero injection 
value. However, for larger rates of cooling the volu- 
metric helium flow approaches that of nitrogen. The 
same general behavior would be expected at all values 
of %. It appears from these data that in terms of 
volumetric injection rate and under some conditions, 
gases other than helium may be the most efficient. 

In closing this discussion of experimental results, 
several limitations of the data are emphasized. First, 
the data and similarity parameters presented here 
should be applied only when laminar flow exists. To 
establish the influence of mass transfer on boundary 
layer transition, tests at higher Reynolds numbers 
and larger rates of injection (larger values of N;) 
are required. Until such data are obtained, applica- 
tion of these data to Reynolds numbers greater than 
0.3 X 10® should be provisional. Second, additional 
experimental data with /, varied are required to evalu- 
ate the influence of this parameter on the heat transfer 
in terms of N2 and on the adiabatic surface tempera- 
ture in terms of W.* 

Conclusions 


(5) 
An investigation of the influence of stagnation-point 
mass transfer on the boundary layer on a blunt-nosed 
body in hypersonic flow has been carried out. In the 
experimental research the injected gases (helium, 
nitrogen, argon, and krypton) were introduced through 
a porous plug in the stagnation region. The body wasa 
hemisphere-cylinder combination and was tested in a 
Mach number 6.0 stream. The distributions of heat 
transfer with an isothermal surface and of the adiabatic 
surface temperature were measured at various rates of 
injection. 
On the assumption that the mass transfer does not 
alter the inviscid flow, the influence of the coolant can 


* In the course of the review of this paper prior to publication 
an anonymous reviewer suggested that there be formed the ratio 
of the heat reduction represented by Q to the coolant mass flow 
times the difference in enthalpy of the coolant at the free-stream 
stagnation temperature and at the coolant temperature prior to 
injection. The reviewer stated: ‘If this ratio is nearly unity, 
the coolant is acting as a pure heat sink. If this ratio is sig- 
nificantly larger than unity, the coolant is also altering the 
temperature distribution across the boundary layer.’’ Following 
this suggestion, the authors evaluated this ratio, denoted by Q’, 
for all four gases over the available range of Ni. It was found that 
for nitrogen, argon, and krypton, Q’ could be represented by a 
relatively smooth curve varying from approximately 0.75 at 
N, ~ 1 to 0.2 at Nj & 7; the values of Q’ for helium were ap- 
proximately 0.23 + 0.07 for all N;. This result seems to imply 
that over the relatively extended, impermeable surface, the cool- 
ant does behave as a heat sink; the distribution of adiabatic sur- 
face temperature shown in Figs. 8a—8c also implies this behavior. 
It would be interesting to determine by additional measurements 
the influence of 4, and #, on this ratio Q’; if it were found that 
Q’ is insensitive thereto, a convenient correlation parameter re- 
sulting in Q’ ~ Q’(N,) would be available. 
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be considered in terms of an alteration of the boundary 
layer over the downstream, impermeable section. 
For laminar flow the describing differential equations 
are considered in order to obtain the similarity pa- 
rameters for use in data correlation and in the evalu- 
ation of coolant efficiency. 

The experimental data indicated that the mass 
transfer did not alter significantly the inviscid flow. 
At the highest rates of coolant injection the pressure 
distribution was unaltered within experimental accu- 
racy, but the shock stand-off distance was increased by 
approximately 15 per cent. The heat transfer with an 
isothermal surface was found to decrease with increasing 
coolant flow. Near the aft end of the model no sig- 
nificant alteration in heat transfer was obtained for 
even the highest rates of coolant flow. The experi- 
mental heat transfer rates at the aft end were found 
to be in good agreement with theoretical predictions 
of laminar heat transfer; as a result it is concluded 
that the boundary layer was completely laminar and 
that no transition cccurred. With a relatively small 
rate of helium injection peak heating was reduced by a 
factor of roughly 2.7. 

The downstream influence of the mass transfer on the 
adiabatic wall temperature was found to be greater than 
that on the heat transfer with an isothermal surface. 
With helium, for example, the adiabatic surface tem- 
perature was reduced to 57 per cent of the stagnation 
temperature, the peak value occurring in the neigh- 
borhood of the sonic point. 

A comparison of the efficacy of the four coolants in 
terms of mass rate of coolant flow indicates that helium 
is superior to the other gases. Ata given coolant mass 
flow the effective enthalpy of helium is twice as large 
as that of nitrogen and a greater multiple of that of 
argon and krypton. However, the data indicate that 
on the basis of volumetric flow rates, a gas of greater 
molecular weight may, under some circumstances, be 
superior to helium. 
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On Vibration and Flutter Analysis 
With Free-Free Boundary Conditions 


William P. Rodden 
Senior Technical Specialist, Dynamics and Loads Branch, 
Norair Div., Northrop Corporation, Hawthorne, Calif. 


July 5, 1960 

A COLLOCATION FORMULATION of the 
problems is presented in reference 

specific forms of the collocation equation in the cases of free-free 

boundary conditions 


vibration and flutter 


1, which also gives the 
symmetric and free-free antisymmetric 
The purpose of the present note is to generalize the previous 
analysis for any combination of rigid-body degrees of freedom. 
The free-free collocation formulation begins with the deflection 
equation 


[a]} F} (1) 


where {h,} is the set of absolute control-point deflections, | /to} is 


the set of control-point deflections due to the rigid-body motion 
[a] is the set of structural influence 


S| 
1— kj = 


of some reference point, 
coefficients for the system cantilevered from the reference point, 
and }F} is the set of control-point forces. If we assume har- 
monic motion of frequency w, then the control-point forces (the 
verodynamic forces) may be written in 
and the (complex) matrix of os- 


sum of the inertial and < 
terms of the mass matrix [1/], 
cillatory aerodynamic influence coefficients [Cp]. 


(F} = 
= w?[M){ hi} 


w2[M]{ hi} + pwb,?s[C,]{ In} (2a) 


(2b) 


where p is the atmospheric density, and 5, and s are the reference 





semichord and reference span, respectively. (In a vibration 
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analysis, the aerodynamic term is deleted.) Substituting Eq. 
(2b) into Eq. (1) and adding the structural-damping factor 
(1 + ig) necessary to sustain the assumed harmonic motion of 
the flutter system, we obtain 


Min — ho} = [a] [AT]{hy} (3a) 
iad [U]{ hi} (3b) 


where the eigenvalue \ denotes (1 + 7g)/w?. 

It is now necessary to eliminate the rigid-body degrees of free- 
dom from Eq. (8b). To do so, we define a rigid-body modal 
matrix [hz | from which 
tho} = [heltar} (4) 
where far} is the set of amplitudes of the rigid-body motion of 
the reference point. As an example, if we consider symmetrical 
motion, [hr] is composed of two columns: 
column corresponding to the plunging mode, the second consists 
of the x-coordinate of each control point corresponding to the 
The rigid-body modal matrix provides the basis 


the first is a unit 


pitching mode. 
for a general statement of the boundary conditions 


[he|*[M|{m} + [am|f{ar} = 0 (5) 


where the asterisk denotes transposition, and [Am] is an incre- 
mental generalized mass matrix, including aerodynamic effects, 
of any rigid component of the system attached to the reference 
point (e.g., a fuselage), and not considered in the formation of 
the basic mass and aerodynamic matrices. 

Substituting Eq. (4) into Eq. (3b), premultiplying Eq. (8b) by 
[he|*{M], and subtracting Eq. (5), permits solution for the 
amplitudes of the rigid-body motion: 


Afar} = — [mM] [he]*[MI[U]{ Mn} (6) 


where 
é 


(m] = [he|*(M\ [he] + [Am] (7) 


Eliminating the rigid-body degrees of freedom from Eq. (3b) 
yields the generalized free-free collocation equation 


Mia} = ([7] — [hel [)—[hel*[1])(U]{ in} (8) 


where [/| is the unit matrix. The solution of Eq. (8) (by itera- 
tion or determinant expansion and root extraction) for the com- 


plex eigenvalues, \ = Ax + 7 X;, yields the free-free frequency 


ow 1/%/Xe (9) 


the required structural damping 
g = Ar/AR (10) 


and, since the matrix of aerodynamic influence coefficients re- 
quires the assumption of a reduced frequency, k = wb,/V, for 
its formulation, the velocity 


V = wh,/k (11) 


Eq. (8) is seen to be completely general being applicable from 
the cantilever case (in which we let [hr] vanish) to the case of 
six rigid-body degrees of freedom. In the antisymmetrical case 
(a single rigid degree of freedom in roll), Eq. (8) reduces to 
Eq. (65) of reference 1. In the symmetrical case (two rigid 
degrees of freedom in plunge and pitch), Eq. (8) reduces to Eq. 
(69) of reference 1. We also observe that Eq. (8) is a matrix 
formulation of the algebraic procedures for free-free vibration 
analysis described by Bisplinghoff, Ashley, and Halfman (refer- 
ence 2, §4-6), and by Scanlan and Rosenbaum (reference 3, 


§11.2). 
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Comment on ‘‘Application of Adaptive 
Control Techniques to Aerospace Vehicles’’ 


Eugene A. O’Hern 

Chief, Preliminary Engineering, Flight Control, Autonetics Div., 
North American Aviation, Downey, Calif. 

July 5, 1960 


— SUBJECT PAPER,' presented at the National Specialists 
Meeting on Guidance of Aerospace Vehicles, discussed two 
distinct areas of adaptive control techniques. The first section 
was concerned with the development of performance-oriented 
definitions and In the 
second section, the difficulty of meeting reliability requirements 
imposed by extremely long mission times typical of interplanetary 


classifications of adaptive systems 


travel, even utilizing redundant systems, was emphasized. <A 
means of improving redundant-system performance by optimizing 
utilization of majority circuitry was developed. The portion 
of the second section of the paper dealing with the relative 
reliability of single- and redundant-channel systems forms the 
basis of the discussion to follow. 

The authors point out that reliability gains to be realized 
from the employment of redundant channels are substantially 
diminished as mission times approach and exceed the mean time 
to failure of a single channel. This fact is certainly important 
to remember. Quantitatively, however, it appears that a fault 
in the derivation of the redundant-channel failure-probability 
expression has resulted in the erroneous indication that additional 
redundant channels, even for the case of the perfect-monitor 
circuitry as assumed here, actually reduce the probability of 
successful system operation for high mission times. It is hoped 
that the following discussion will clarify this matter 

For a system of m channels, each having failure-probability 
p, (approximated in the paper as n p t, where n p = the total 
failure rate per channel and ¢ = time), the general expression for 
overall system failure (defined in the paper as continuing opera- 
tion of less than two channels) can be derived as the probability 
of all channels having failed, plus the m probabilities of each of 
the channels being operative alone, that is 

Ps = po™ + mp.™"1(1 — pz); ae (1) 
This expression differs from its counterpart Eq. (5) of the paper, 
repeated here: 
P, = m! (an pt)"; m> 2 
The derivation of this latter equation is invalid because of 
dependency of the ordered failure events. It can be seen that 
[from Eq. (1)] 


P,> p.for m = 2, 


P,(2) = po? + 2p. (1 — ps) 


O< p<! 


since 
“hi 
= ~,(2 — ps) > ps. ... (2) 


However, for m > 2, it can be shown that 
P,(m) > P,(m + 1), ... (3) 


that is, failure probability decreases monotonically with increas- 


ing numbers of redundant channels. This can be shown from 


Eq. (1) 
P,(m) = mp,.™"! — (m — 1) p,™. ... (4) 
orem +1) = (+ Dart —mor™.... (5) 
So P,(m) — P.(m+ 1) = mp,*"' —2mp." + mp 
= mp.™"1(1 — 2 p. + Dz?) 
= mp,™—1(1 — p,)? > 0, .. (6) 


since 0 < p, < 1. 

Further, it is felt that the case for the redundant system was 
also presented pessimistically in that overall system failure 
was assumed to occur when either one of the last two channels 
failed. It would appear that no significant additional sophistica- 
tion of the monitoring circuitry would be required to cause a 
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final arbitrary selection of one of the last two operable channels, 
thereby increasing somewhat the probability of continuing 
system operation after the next to the last channel has failed. 
Using this more realistic philosophy, the overall system proba- 
bility becomes 
Py! = 


pb." + '/2m p, ™-'(1 — Pe)... (7) 


Now, for m = 2 


Fe = Pp. + ps (1 -— 5) 
all (8) 
which is logical, inasmuch as one of the two channels is arbitrarily 
selected for system operation. However, as before, it can again 
be shown that 


P,' (m) > P,' (m + 1) for m > 2 (9) 


From Eq. (7) 


P,’(m) = [1 — (m/2)]p.™ + (m/2)p."— (10) 


from which 


P,’(m) — Ps,’ (m + 1) 
= 1/,m p.m! + (1/2 — m) ps™ — [1 — (m + 1)/2] pot! (11) 


= (p,"—1/2) [m — (2m — 1) p, + (m — 1) p,?| 


= (p,"—1/2) [m — (m — 1) p.][1 — p.] > O (12) 


since 0 < p, < 1, thus clearly establishing the fact that, for any 
0 < p, < 1, P,’ is monotone nonincreasing for increasing numbers 
of channels m. 

The curve of Fig. 7 in the paper can then be replotted from 
Eq. (1) above, or preferably, Eq. (7). Also, since the values of 
mission time may be large relative to the single-channel mean- 
time-to-failure, the more generally applicable expression for 
single-channel failure probability should be employed, i.e., 


p=1-e 
It must be recognized that, because of the basic errors herein 
discussed, many of the relations developed in the succeeding 
paragraphs of the paper are accordingly invalid. These must 
be reviewed in light of the true analytical expressions for failure 


npt 


(13) 


probability. 
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W. F. O'Neil and M. T. Abozug 

Douglas Aircraft Company, Inc., El Segundo Division, 
El Segundo, Calif. 

August 18, 1960 


genase 1 notes that the redundant-system failure- 
probability Eq. (5) in the writers’ paper ‘Application of 
Adaptive Control Techniques to Aerospace Vehicles’’ is in error 
as a result of assuming events are ordered. The writers thank 
E. A. O’Hern for bringing this error to their attention. How- 
ever, it should be noted that for high-failure probability of a 
single channel, the redundant-system failure probability derived 
from the correct expression, Eq. (1) of reference 1, does exceed 
the single-channel failure probability, as originally stated. 


Referring to Eq. (13) of reference 1, for times less than 1/np, 
the simpler expression p, = npt, given in the writers’ paper, is 
evidently a satisfactory approximation. 

In addition to the foregoing comments, a review of the writers’ 
paper in the light of reference 1 discloses that the implications 
of Eq. (10), leading to the analysis of the Random Adaptive 
Fault Locator, are qualitatively correct. 


FORUM 67 


REFERENCE 
1O’Hern, E. A., Comment on “‘Application of Adaptive Contra Techniques 
to Aerospace Vehicles,’’ Journal of the Aerospace Sciences, Readers’ Forum, 


Vol. 28, No. 1, pp. 66-67, January, 1961. 





Some Additional Plasticity Coefficients 
for the Plastic Buckling of Plates and Shells 


Alexander Krivetsky 

Sta Engineer, Structures, Aero Space Dept., 
Bell Aircraft Corporation, Buffalo, N.Y. 

June 27, 1960 


IT’ A PREVIOUS PAPER,! plasticity coefficients for several plate 

and shell configurations were presented. Since that time, 
additional cases have been evaluated and are presented in the 
subject paper. The results are based on the original work of 
Bijlaard and are again presented in carpet plots for engineering 


use. 


A Long Plate Under Compression Where one of the Unloaded Edges 
is Fixed and the Other is Free 
From Table 5 of reference 2, the equation for 7 is given as 
n = 0.473(~/ AD + 2.97F — 0.405B) (1) 
The functions A, B, D, and F, which are defined in references 
5 and 6, are based on 8 = 0. 
Fig. 1 in terms oi the tangent and secant modulus ratios 


Eq. (1) is depicted graphically in 





9 


PLASTICITY COEFFICENT 


Fic. 1. Plasticity coefficient, », for a long plate under com- 
pression where one of the unloaded edges is fixed and the other is 
free. 


PLASTICITY COEFFICIENT, 4 





Fic. 2. Plasticity coefficient, 7, for a long plate under com- 
pression where both of the unloaded edges are fixed. 
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Plasticity coefficient, 7, for a spherical shell under 
external pressure. 
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Fic. 4. Plasticity coefficient, 7, for a long plate under com- 


pression with one of the unloaded edges simply supported and 
the other free. 


A Long Plate Under Compression Where Both of the Unloaded Edges 
are Fixed 
The plasticity coefficient y for this configuration is given by 


n = 0.598 AD + 0.312(B + 2F) (2) 


Again the reference source is Table 5 of reference 2. With @ = 0, 
the curves in Fig. 2 are obtained for the plasticity coefficient. 


Spherical Shell Under External Pressure 
From reference 2, the plasticity coefficient for a spherical shell 
under external pressure is given as 
n = V0.91(A2 — B?2) (3) 


The A and B plasticity functions are based on a value of 6 = 1. 
A plot of Eq. (3) is shown in Fig. 3. 


A Long Plate Under Compression Where one of the Unloaded Edges 
is Simply Supported and the Other is Free 
The expression for the plasticity coefficient y is given by 
n = 2.6F (4) 
This expression is given in Table 5 of reference 2 and can also 
be obtained from Eq. (35) of reference 3. Since the plate is under 
a compressive stress only, the value of 8 = 0 must be employed 
in the above-mentioned references. Fig. 4 represents the value 
of the plasticity coefficient for this plate configuration and loading. 
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A Long Simply Supported Plate Subjected to Pure Bending in its ¥ 
Plane 5 
Investigations for the case of a long simply supported plate 
subjected to pure bending in its plane has disclosed that » can be | 

represented by (see reference 4) 


n=E,/E 5 
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Addendum—‘‘Minor-Circle Flight at Large 
Angles of Inclination’’ 


W. H. T. Loh* 
Senior Post Doctoral Fellow, National Science Foundation, 
Imperial College and Cambridge University, England 


July 7, 1960 


k ipore COMPARISONS shown in Fig. 1, reference 1, are only for 
order of magnitude comparisons at 1./D nearly zero, where 
such small values of L/D, whether positive or negative, do not 
materially alter the trajectory itself too much. When the angle 
of re-entry is not small, a large negative L/D must be used 
in order to enforce the descent at large angles of inclination which 
is the case of primary interest of reference 1. 
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Comments on ‘‘Beam-Columns With 
Elastically Restrained Ends’’ 


Ben A. Neffson 

Design Specialist, North America Aviation, Inc., 
Los Angeles, Calif. 

June 24, 1960 


tecnico Professor Niles took exception to a Readers’ 
Forum note by the writer? saying that it was needlessly 
complex and tedious as to its computational procedure. At 
first glance, the criticism appears justified in that none of the | 
plots mentioned in reference 2 were included in that paper. } 
Actually, however, the method is no more complicated than 
that advocated by Professor Niles, once the necessary curves | 
have been made available. Such a set is shown in Figs. 1, 2, | 
and 3 for the case of a concentrated load W, where a is the 
distance of the load from the left support. With all the necessary 
data plotted as a function of the single nondimensional parameter 
N, the solution of Eqs. (5a) and (5b) of reference 2 is certainly 
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a simple and rapid matter. It should be noted that the end 
moments M4 and Mg, are given explicitly, and do not require 
the solution of a set of simultaneous equations as in reference 1. 

Curves, similar to Figs. 2 and 3, may be plotted for distributed 
uniform and triangular lateral loads and, by superposition, a 
limited number of plots may thus be used for a great variety of 
lateral load distributions. For the random, single, concentrated 
load W, the lateral load function fa(W) is given by 

fa(W) = (W/P)[W()] 

where W(QA/) is obtained from Fig. 2. A similar relation exists 
for other lateral loads. As indicated in reference 2, f,(Al) is 
independent of the lateral loading and, hence, a single presenta 


tion suffices. 
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Fic. 3. y for single, concentrated load. 


It is readily seen that expressions (la), (1b), and (4a), (4b) 
of reference 1 are but specialized cases of the general formulation 
(1) given in reference 2. If the relations for a uniform or con- 
centrated load given by Professor Niles are divided through by 
6EI, it will be found that the factors multiplying M4 and Mes 
are precisely the &; and kg of reference 2. While the writer may 
have been remiss in not recalling that the tabulated functions of 
Professor Niles could also have been adapted to the solution of 
the problem, there was certainly no intention of slighting his 
work 
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Heat-Flux Distribution Over Hemispherical- 
Nosed Bodies in Hypersonic Flight* 


Craig G. Smith 
Research Engineer, American Machine and Foundry Co., 
Mechanics Research Div., Niles, Ill. 


April 25, 1960 


HE EXTENSION of stagnation-point heat transfer to regions 
away from the stagnation point on axisymmetric bodies at 
zero incidence has recently been developed by Kemp, Rose, and 
Detra,! who obtained local-similarity solutions of the laminar- 
including the effects of 
The 


of this note is to extend the generalized results of reference 1 


boundary-layer equations pressure 


gradient, variable properties and dissociation. purpose 
in closed forms for the case of a hemisphere-cylinder and clarify 
the nature of the Mach-number dependence. 

The laminar heat-flux distribution away from the stagnation 
point for axisymmetric bodies is given by Eq. (27) of reference 


Ll: viz... 
G/Gs = (1Pwhtutte QE) Dprsttws( du, dx),{ ~@/2 Sew/Lewe (1) 
x 
where tx) = f Powktwtter2dx (2) 
0 





* This work was supported in part by the United States Air Force under 
Contract AF 33(616)-6673, monitored by the Nonmetallic Materials Labo- 
ratory, Materials Central, 
Wright Air Development Division, Wright Patterson Air Force Base Ohio., 


Directorate Advanced Systems Technology, 





70 JOURNAL OF THE AEROSPACE SCIENCES- 





ene a ca 
Z ° 
of 


fli @ ope REF7 
°Ma>& REFS 








7) LEELA, 
H 












































B. 
| 
B | 
| 
| 
| | 
! 
& J 
[e) 2 a 6 8 10 12 14. 16 18 
Mao 
Fic. 1. Relation between 8 and free-stream Mach number. 


| 


| 
© Meni. 3,REF. | 





A 
oe 20 4 6 8o oo 


Comparison of theoretical and experimental heat-flux 
distributions. 


The notation of reference 1 is employed in this note, and the 
stagnation-point heat transfer, qg,, is to be determined by the 
method of Fay and Riddell.? 

For the nose of a hemisphere-cylinder the following relation- 
ships are valid. First, the most convenient independent variable 
is the polar angle with respect to the axis of symmetry, 0, obtained 
from the transformation 


6 = x/R, 


The pressure impressed upon the boundary layer may be repre- 
sented as 


r = Rsind (3) 


Pe/Ds = 1 — sin’? 6 (Ds = P')/ Ps (4) 


where p’ is the pressure at the shoulder (6 = 7/2). In modified 
Newtonian theory, p’ = po, so that the functional form of the 
theory is here employed but with the boundary (stagnation and 
shoulder) values being obtained from experimental observations. 
This additional modification is important since at high Mach 
number the ratio p’/p. departs @ppreciably from unity, at 
Ma = 20 the ratio being 18. Further, as demonstrated by 


JANUARY, 1961 
Li and Geiger,’ the flow velocity at the edge of the boundary 
layer is a linear function of x; i.e., 


u, = (du./dx), RO (5) 


The ratio gy.0/Znws, aS noted in reference 1, is approximately 
constant over the hemisphere and may be taken as unity. 

The integration of Eq. (2) may be considerably simplified 
by noting that for a constant wall temperature the product 
Pwktw is independent of temperature. Taking this to be the case 
for a variable wall temperature is tantamount to making the 
assumption of a ux T viscosity law of all constant-py solutions 
with the one exception that here the assumption is made along 
the wall instead of the more severe case of across the boundary 
layer. Combining this assumption with the perfect-gas law 






































Comparison of theoretical and experimental heat-flux 
distributions. 
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Laminar heat transfer over a hemispherical-nosed body i 
for selected values of free-stream Mach number. 
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Area-weighted mean laminar heat transfer to a hemi- 
spherical-nosed body. 


Fic. 5. 


and the standard notion of impressed pressure across the bound- 
ary layer, one has 
Pukw = Pwsttws( Pe /Ds) (6) 
Substituting the pressure distribution, Eq. (4), into Eq. (6), 
and performing the integration of Eq. (2) leads to the following 
relationship for the heat-flux distribution: 


g/g. = [(1 — B sin? 6)6 sin 6]/[F,(0) + 6 F2(8)] (7) 
where 
B=1-— p'/> (8) 
F\(9) = 6 — @sin 26 + sin? 6 (9) 
F(@) = —1/2[3/26? — 6 sin 20(3/2 + sin? 6) + 3/2 sin? @ + 


1/> sin‘ @] (10) 


The dependence of 8 upon J/q~ is indicated in Fig. 1. The 
solid curve is a mean 8 drawn for the indicated experimental 
points. The low-Mach-number data were calculated from a 
report by Katz‘ on the observations of five investigators. The 
high-Mach-number data from Boison,’ measured at nominal 
stagnation temperatures of 4,000, 6,000, and 8,000 K., well 
establish the hypersonic 8 limit. It is seen in Fig. 1 that a 
radicai dependence of 6 (and hence ¢/g;) occurs only at Mao < 3. 
The dotted curve in Fig. 1 represents 6 as determined by the 
modified Newtonian theory and points to the importance of 
matching the functional form of the theory with the actual 
shoulder pressure. 

Eq. (7) is compared to experimental observations at three 
Mach numbers in Figs 2 and 3, with 6 being determined from 
Fig. 1. It is seen in Fig. 3 that the distributions for Mach 
numbers equal to 7.5 and 13.8 are essentially the same, and thus 
the hypersonic limit extends somewhat below Ma = 8. Eq. 
(7) is plotted in Fig. 4 for selected values of free-stream Mach 
number. The area-weighted mean heat flux was numerically 
calculated for the distribution of Eq. (7), the results of which are 


presented in Fig. 5. 
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An Approximate Solution for the Symmetrical 
End Problem of Conical Shells 


Willem Stuiver* 
Research Assistant, Stanford University, Stanford, Calif 


July 5, 1960 


snare ae PROBLEMS for conical shells have been studied 
extensively and exact solutions have been presented in the 
literature. It seems appropriate, however, to point out that 
an extremely simple approximation to the solution of the end 
problem can be construed. This approximation is based on 
the solution of the corresponding problem for the circular cylin- 
drical shell. It is sufficiently accurate, for a wide range of apex 
angles, to be of practical interest 

The differential equation for the radial displacements u 
(Fig. 1) of the cylindrical shell is! 


u'’’’ + 4u4u = 0 (1) 

with 
wt = 3(1 — v?)/(r*??) (2) 
and primes indicating differentiation with respect to s. Con 
sidering here only the case u(0) = uo, u'(0) = 0, with correspond 


ing edge loads, we find for the displacements the expression 


u = mwe~(cos us + sin ws (3) 


A plot of this relation shows (Fig. 2) that the displacements die 
out rapidly, and that they amount to less than 5 per cent of the 
value uo for distances z larger than 3u 

The differential equation for the normal displacements u 
(Fig. 3) of the conical shell is considerably more involved. This 
equation can be written in the form? 


LL{du/dy| + n*(du/dy) = 0 (4) 

The operator L is defined as L = y (tg6(d?/dy?) — (tg@/y) and 
the parameter m by the relation 

n? = 12(1 — v?)/t? (5) 


For sufficiently small values of the apex angle @, it can be shown 
that the resulting displacements u(y) are closely approximated 
by the values a(z) calculated from the ‘‘equivalent-cylinder 


’ 


equation’ 


* At present with IBM Research Laboratory, San Jose, Calif 

Acknowledgments are due to the National Aeronautical Research In 
stitute, Amsterdam, the Netherlands, for permission to publish this note, 
the contents of which originally formed part of the stress analysis pertaining 
to the Institute’s transonic wind tunnel.‘ 
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Fic. 3. Cone geometry and coordinates. 
a’ + 44a = 0 (6) 
with y = yw + 2 (Fig. 3) and g given by 
a’ = 3(1 — v?) cos?0/(r7t?) (7) 
For the case 7(0) = us, “'(0) = O, we thus find displacements 
a = me~*(cos gz + sin pz) (8) 


analogous to Eq. (3) for the solution of Eq. (1). it follows that 


these displacements are negligibly small for distances z larger 
than 3” 
Application of the operator Z and substitution of the parameter 


n in Eq. (4) yields 


, du d‘u F d'u 2 du 1 du 12(1 — v?) du ; 

y*- - 2y -2 - = 
dy§ ~ dy* dy y dy? y? dy ltg’9 = dy 
(9) 
for the displacements u(y). With r = y sin@and y = y% +2 
(Fig. 3), this equation can be written in the form 

ull + Qu /(y, +2) — 2u’’’/(yo + 2)? + Qu’ /(yo + 2)? + 

{—1 + 4fityo*[1 + (2/y0)]*}u’/(yo + 2)4 = 0 (10) 


For small values of the factor 3f/yo, this equation is approxi- 
mately satisfied in the region 0 < z < 3, by the function 
u’ = [1 + (2/y0)]* 

if the exponent a is a root of the quartic 

at — 4a* + 3a? + 2a + 4N4 = 0 
with 

4N4 = ~1 + 4fiyo4[1 + (3/0) ]? (11) 
The roots of this quartic can be found most easily from the 
procedure proposed by Lanczos.* They are 


1+ (1+4)N 


C= 


and it follows, after some obvious manipulations, that for the 


case u(0) = uo, u’(0) = O considered here, Eq. (10) leads to the 


solution 
wo[1 + (2/0) ]?-* [cos {N In [1 + (z/y0)]} + 
[1 — (2/N)] sin {N In [1 + (2/yo])} ] 


“= 
(12) 
It is easily verified that this solution reduces to the approxima- 
tion (8) for large values of N. 

We compare here only the bending stresses at the edge z 
These stresses depend 


= 0 


given, respectively, by Eqs. (8) and (12). 
on the value of the second derivative u’’(0). 
(8) for the solution #(z), we find 


From expression 

















u’'(0) = —2f2uo (13) 
The solution (12) yields 
TABLE 1 
Numerical Values of the Correction Factor \ 

r t tv 0 ji r 
338 2.5 1.00238 0.0373 0.894 
210 2.5 0.70040 0.0510 0.898 
451 2.0 0.46980 0.0365 0.950 
148 1.0 0.12221 0.1056 0.985 
148 1.0 0.04549 0.1059 0.994 
233 1.2 0.04559 0.0771 0.995 

2.1 —0.10518 0.0613 1.016 


210 
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u’"(0) = [—2(N?2 — 2N + 2)/yo?] (14 
hence, with fy) >1, N = fiyo, 
u’’(O) = —2p2uo[1 — (2/fyo) + (2/f2y?)] (15 
Writing «’’(0) = Aaz’’(0), we have 
A= 1 — 2[(sin 6/fr)] + 2[(sin 6/gr) |? (16 
with, directly from Eq. (7) 
ar = {3(1 — v?)}1/4[(r cos @)/t}!/? (17 


The factor \ is a measure of the relative accuracy of the two 
solutions (8) (12). this factor are 
given in Table 1 for some specific cases. 


and Numerical values of 
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* Lanczos, C., Applied Analysis, Chapts. I, II, Prentice Hall, Inc 
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A Note on the Minimum-Weight Design 
of Spherical and Cylindrical Pressure Surfaces 


B. Saelman 

Design- Weight Engineer, Lockheed Aircraft Corporation, 
Burbank, Calif. 

June 14, 1960 


SYMBOLS 


applied hoop-compression stress, psi 


~— = 
a; = hoop-tension stress, psi 

o, = buckling stress in hoop compression, psi 

p = material density, Ibs./in.* 

W = weight, Ibs. 

L = length, in. 

r = radius of shell (fixed), in. 

R = radius of spherical or cylindrical surface, in. 
d = chord of cylinder (fixed), in. 

pb = applied pressure, psi 

pr = critical buckling pressure, psi 

t = thickness of shell, in. 


ot, = allowable tensile stress, psi 


Ir = moment of inertia of bulkhead-ring section, in.‘ 
dr = buckling load on bulkhead ring, Ibs./in. 

b = width of bulkhead-ring section, in. 

h = depth of bulkhead-ring section, in. 

Wr = sum of weight of bulkhead plus ring, Ibs. 


Poxrons of spherical and cylindrical surfaces are used ex- 

tensively in pressurized aircraft structures—e.g., spherical 
surfaces are used for the boundary bulkheads of pressurized 
cabins and.for the end surfaces of cylindrical tanks; cylindrical 
surfaces are used for portions of fuselage bodies, missile housings, 
etc. In most of these instances, a fixed dimension such as the 
fuselage radius at the station is given, then, as the radius of the 
spherical surface increases, the area and required thickness of 
the surface decreases and increases, respectively. Hence, it is 
suspected that a unique value of the radius for minimum weight 


will exist. 
SPHERICAL PRESSURE SURFACES 


For hoop-tension loadings 


o. = (pr)/(2t sin @) (1) 
Selving for ¢, substituting into the weight equation, 
w=ptA (2 
we have 
w = [(rr*pp)/o,|[(1 — cos @)/(sin® 6) ] (3) 


and solving 


Differentiating W with respect to 6, equating to zero, 
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for 6, we have 


Bopt. = 60°, Rot. = (2/V/3)r (4) 


It is easy to show that Eqs. (4) correspond to minimum weight 
For the case of loadings in hoop compression, we have 


or = KE(t/R) (5) 


where the classical value of K = 0.606 and for which values as 
low as K = 0.156 have been derived under the assumption that 
surface imperfections exist. However, it will be seen that the 
optimum value of R is independent of K 
to the applied hoop-compression stress 


Equating o, from 

Eq. (5) 
ao. = pR/2t (6) 

solving for ¢, and substituting into Eq. (2), we have 

[( V2 ™p)/ VKVE|V p r3[(1 — cos 6)/sin® 6] (7) 


Since the function of @ in Eq. (7) is identical to that in Eq. (3), 


the optimum value of RF in this case is also given by Eq. (4). 

In the case of tension loading on the bulkhead, the bulkhead 
ring will be designed by a compression loading on its periphery 
and given by 

dr = (BE Ipr)/r’ = (fr cot @)/2 
Then the weight of the bulkhead and the bulkhead ring can be 


= app 


expressed by 


Wr = Wg + Wer = [all — cos 6) (sin*® @)| + 


(B cos 6)/(sin @) 


where 
a = mr pp/onm 

B = [4rpr(2b + h)p|/[E(6bh? + h*)] 
Differentiating W, with respect to 6, setting equal to zero, we 
have the quadratic in 

(2a + B)cos?, 6 — 8acosé+a— 6B =0 
which yields the criterion for minimum weight. Crippling of the 
ring flange is a possible mode of failure and shoxld be checked. 


CYLINDRICAL PRESSURE SURFACES 
For hoop-tension loadings 
ao. = pR/t (8) 
Solving for ¢ and substituting into the weight equation, we have 
rf 


= pAt = [(2p d? L)/a;y)p[0/sin? 6] (9) 


Differentiating W with respect to 0, equating to zero, and solving, 


we find 
Cone. 67”, Rupt. = d/(sin 67°) (10) 
For hoop-compression loadings on long thin cylinders 
pr = E/[4(1 — uw?) |(t/R)* = KE(t/R)? = p (11) 
Solving for ¢ and substituting into the weight equation 
W = ptsl = (2pld2)/(WK VWE)V plo/(sin? @)| (12) 


Since the function of @ in Eq. (11) is identical to that in Eq. (9), 
Eq. (10) also gives the optimum value of R in this case 


BULK RING 





SPHERICAL SURFACE 


Fic. 1. 


FORUM 73 


am 


— a . 
Ram ra CYLINDRICAL SURFACE 
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When the cylinder is short or when the length is less than the 


critical length, the governing equation is 
8r/6 E (t/D)*/2 _ (t/D)>/2 
pr= V6 = 3 = & (13) 
97 (1—p*)”* L/D L/D 


Solving for ¢, substituting into the weight equation, we find 


W = 2(2)3/59(p/K)?/5L7/548/5 [9 /(sin @)8/* (14) 


Differentiating W with respect to 6, equating to zero, and solving, 
we find the optimum value to be 


Bopt. ~ 60° 


Laminar Mixing in the Presence 
of Axial Pressure Gradients} 


L. G. Napolitano and A. Pozzi 

Associate Professor of Aerodynamics and Research Associate, 
Respectively, University of Naples, Italy 

June 27, 1960 


GQrvcws OF DISSIPATIVE FLOWS in the absence of solid boun- 
daries have been mostly concerned with the isobaric case,!: ? 
the only exception being, to the authors knowledge, the work of 
reference (3). Yet, situations in which the mixing process occurs 
in the presence of a streamwise pressure gradient are far from 
being rare. A thorough investigation of the role played by 
pressure gradients in mixing phenomena appears to be necessary 
to the understanding of such situations and will certainly prove 
useful in many practical instances in which it may be desirable 
to control the mixing rates. Such an investigation is being car- 
ried out at the University of Naples and some preliminary results 
for plane, laminar, incompressible mixing in the presence of axial 
pressure gradients are reported here 
The basic Prandtl equations‘ can be reduced by means of the 
von Mises transformation‘ to the following partial differential 
equations: 


te = [1 — (¢/a)]"* fon (1) 


with the boundary and initial conditions 


te + = 0 t(—, — ©) = 1 — (U29?/ U 0?) (la 
t(0,n) = 0 n>O, r(0, n) = ¢(&, — (n <0) 


+ The work presented in this paper was carried out under the sponsorship 
and the support of Contract AF(052)-160, administered by the European 


Office of the AR DC 
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where 


“~ 


= [Ui2(x) — U?)/U 0, a(x) = U;? Ow") 
UyoL 1/2 . (2) 


{ U\(x) dx y 
= ; = 
o Uw L Urol v 


Here y is the stream function, U(x) and U2(x) are the velocities 
of the two free streams, Ujo = (Uj)z20, and all other symbols 
have conventional meanings. 

Series solutions for Eq. (1) have been found in terms of the 
parameter A = 1 — (U2 /Ui). Each term of this series can 
be expressed by means of single quadrature and can be given, 
for particular classes of pressure gradients, a closed form in terms 
of the complementary error function and of its repeated integrals. 

The essential quantities describing a mixing process are the 
rate of change of velocity along the x-axis; the spreading of the 
dissipative region, and the rate of entrainment of mass along the 
The influence of 


fr 


outer boundaries of the dissipative region. 
axial pressure gradients on the first of the above three quantities 
is discussed here. A full account of the method and a more 
detailed analysis of the flow field will be presented in a forth 
coming paper. 

The solution of Eq. (1) to within terms of order A? gives, at 
7 ee 


I 1 1 é & ) 
¢(é, 0) = A + ad eer = f V x(2é 
\2ma 2 2nt Jo a 


The integral in this equation can be evaluated in closed form 


-) da 
: dx 
dx f 


when the axial pressure gradient is taken to be of the type 


2p, fl — n)(C/L)i1 + [(3 
pUw? (2C/L) exp (2Cx/L) 


with integer and C an arbitrary constant. For equals to 0, 1 
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— n)/2]\(Cx/L) ;{@"-8/@G-n) nx#3 


1— 1/2 + 1/(2nCé)[(2 + 2CE)/(1 + 2CE)2 tan-1 (1 4 2C¢)!/? — 2/2 — 8CE/(1 + Ct))} (n = 
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V 
Variation of the velocity ratio along the x-axis, taken 
to coincide with the streamline through the origin 


Fic. 2. 


, and 3, respectively, one has 


2 + 


c(é, 0) =A + A*{(2Qra) 1— (] 2) _ (Cé 8)} (n = 0) 
t(é. 0) = A + A2{(2r)-! — 1/2} (n = 1) 
¢(é, 0) = A + A*}(2za) 
. 2Cé tan~! (1 2C¢r)12 
(0) = A + A? 4 (2na)-1 = 1/2 + om tes 
\ 2n(1 + 2C8) 


The case (x = 1) corresponds to zero pressure gradient and can 
therefore be used to check on the accuracy of the method since 
exact numerical solutions are available.6 The comparison is 
shown in Table 1 for three indicative values of the ratio Us / Uo, 
and it is seen that the accuracy is exceedingly good. 


The nature of the pressure gradients considered is shown in 


Fig. 1. Therein, the velocity ratio U;(x)/Uj is plotted against 
(CU\x/v); n = 0 corresponds to a comparatively weak adverse 
pressure gradient; » = 2 corresponds to a moderate favorable 


pressure gradient, and m = 3 to a very strong favorable pressure 
gradient. 
The values of U(O, x)/Ui(x) as derived from Eqs. (3) are 
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plotted against (CUx/v) in Fig. 2 for the values of » considered 
and for indicative values of (U2 9/Ujo). The foreseeable qualita- 
tive trends are apparent. The ratio U(O, x)/U,(x), constant 
for an isobaric mixing with uniform initial conditions, is now a 
function of x which depends both on the pressure gradient and 
on the initial velocity ratio. For favorable gradients, U(O, x) 
U(x) tends to reach the value one more rapidly the stronger 
the pressure gradients, and for given p;, the initial rate of growth 
increases as the ratio U2)/U,) decreases. The opposite occurs for 
adverse pressure gradients, the ratio U(O, x)/Ui(x) decreases 
with x until conditions, for which the boundary-layer approach 
is no longer valid, are reached 

A further insight into the nature of the phenomenon is gained 
by analyzing the results in terms of the values of the local free- 
stream velocity ratio U2(x)/Ui(x). This ratio is plotted in Fig. 
3 for two indicative 
having a smaller ‘‘inertia’’ per unit volume is accelerated (p; < 0) 
x decelerated (p; > 0) more rapidly than the faster stream, 
the difference between the momentum fluxes of the two streams 
Thus, the free-stream velocity ratio shows 


values of Us)/Uy. The slower stream, 


remaining constant 
roughly the same qualitative and quantitative behavior as the 
ratio U(O, x)/U;(x). This suggests that the noticed variation 
of the ratio U(O)/ U(x) might be essentially due to the analogous 
variation of the ‘‘local’’ values of the free-stream velocity ratio 
To assess this point, we have computed the values of U(O, x) 

U(x) at each station as though the mixing were originated by two 
uniform streams with a velocity ratio equal to the one prevailing 
at the considered station. These new values are shown in 
Fig. 2 as circled points, and they are obviously not too different 
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TABLE 1 
Ux / U0 Up(O)/ Uo Error (%) 
Exact Present Method 
0.7322 0.8698 0.8698 0 
0.4459 0.7421 0.7420 0.01 
0.6407 0.6399 0.13 


0.1807 





from the former ones, especially for large values of the initial 
velocity ratio U2 /Uio. This means that at any given station the 
velocity ratio on the x-axis, taken to coincide with the streamline 
through the origin, is roughly independent of the previous his- 
tory of the interaction from 0 to x(°).* The previous history 
will affect the actual position and shape of the streamline through 
the origin, the mass entrained, and the spread of the mixing 


region 
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* ) This consideration has conceivable practical importance from the 
computational point of view, since the ratio U(O)/Uj for uniform free 
streams can be determined with accuracy in an almost immediate way.? 
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Some Comments on Standing Detonation 
Waves in a Combustion Tunnel 


A. A. Kovitz 

Assistant Professor, Gas Dynamics Laboratory, 
Dept. of Mechanical Engineering, 
Northwestern University, Evanston, Ill. 

June 27, 1960 


cn AND CHINITz! reported an interesting series of experi- 
ments using a supersonic flow of combustible gas in a 
One experiment concerned the production of a 
a wave in which 


wind tunnel. 
plane steady-state detonation wave—i.e., 
an exothermal chemical reaction takes place and which moves 


4 


with supersonic velocity with respect to the undetonated gas.” 
(This definition is quoted from Hirschfelder and Curtiss”. ) 

A curious result was the observation that the location in the 
tunnel of these plane steady-state detonation waves was a 
function of the energy released. Specifically, it was found 
that as Q/c,7T;, Damkohler’s second parameter, was increased, 
the position of the detonation shifted upstream to a new steady 
position and the wave area increased. This occurred without 
any observed changes in other upstream flow properties. In 
this note, an attempt is made to explain this change in wave 
position and area with change in Q/c,7}.* 

Fig. 1 is a schematic drawing of the flow conditions ahead of 
the detonation wave and the wave configuration based upon 
observations in reference (1). The curves labeled ‘‘Q increasing”’ 
represent the distribution of fuel just upstream of the detonation. 
Increasing Q implies increasing the rate of fuel injection upstream 
of the nozzle throat (not shown in the figure). One of the 
unexpected results of the experiments was the appearance of a 


flat wave front in spite of the nonuniform fuel distribution. 


Gross* believes that the main reason for this is the fact that 
the waves are of a kind where the ratio of downstream to up- 


* Recent experiments by Smith at ARO Inc., Tullahoma, Tenn., indi 
cated some combustion occurred at the fuel injector. If it was moderate 
compared to that occurring in the wave then the discussion in this note is 


relevant 
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stream density is greater than unity. This conforms to existing 
analyses of plane shock-wave formation and stability in a shock 
tube. 

Let H be the heat of reaction and q; be the rate of fuel injection 
into the tunnel. If m, is the air-mass flow rate through the 
tunnel, then Q = gq; H/(m, + q;) is the thermal energy added per 
unit of total mass flow But if g;<< m, and m, = p,ViA: (A; is 
tunnel area upstream of oblique shocks), then this becomes 


O = 4i H/pViA: 1) 


Now consider the portion of the flow intercepted by the 
detonation wave. Let Qerr, be the thermal energy added per 
unit mass of flow passing through the detonation. This may be 
formulated as 

Qets. = Qiv H/pViAd (2) 


where ¢;p is the mass-flow rate of fuel through the detonation 
In terms of a one-dimensional approximation to the actual 
flow, it is Qerr. that must be inserted into the Rankine-Hugoniot 
equations to obtain flow properties across the detonation—i.e., 
wave speed, pressure ratio, etc. 

An estimate of g; and g;p could yield 


GQ = pryViAy Qiv = proViAd (3) 


where jy and fyp are the average fuel densities at A; and Ap, 
respectively. Then the ratio 
QO/Qert. = ps /Psd (4) 
by use of Eqs. (1), (2), and (3). If the fuel distribution were 
uniform jy = psp, implying Q = Qerr. 
An estimate of j;/jsp may be obtained by noting that 


py f psd A A, and Pp f psd A Ap 
44 ip 
a pdA = / pydA + i. psd A 


A, — Ap isthe difference between the detonation area 


Therefore, 


But 


where 
and the tunnel area upstream of the oblique shocks. 


Ps/Pfp = (Ap/A,)(1 + f pad, f psdA ) (5) 
At~ AD AD 


It may be reasonable to neglect the ratio of the two integrals 
under the assumption that most of the fuel is flowing through the 


detonation. Then combining Eqs. (5) and (4) vields 


Qerr. = At Q/Ad (6) 
The effective Damkéhler parameter is then 
7 


Qett. = Qert-/CpT1 = AQ/Ad ( 


where Q = Q/c,7, is the quantity measured and reported by 


Gross and Chinitz.! 
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Fic. 1. Schematic of test section showing the detonation, shock 
configuration, and fuel distribution curves just upstream of the det- 
onaticn for several values of Q. 
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TABLE 1 
Values of Q/Ap Based on Data Taken From Reference (1) 


Q Ap Q/Ap Q Ap Q/Ab 

/ 1.53 . 7 0.90 3.18 4.0 0.79 
2.6 2.2 La 3.2 5.0 0.64 
2.68 2.9 0.92 3.4 5 0.62 
3.0 4.0 0.75 5.0 5.9 0.85 


Now, if one applies the classical Rankine-Hugoniot formulation 
to the flow passing through the steady, plane detonation, Qerr. 
should remain constant if all other flow properties are not varied. 
Gross and Chinitz! indicate that they can vary Q and still obtain 
a steady, plane detonation with upstream Mach number un- 
changed. Essentially, only the position and area of the detona- 
tion changes. All other upstream fixed. 
One might also note that the downstream pressure does not 
change much because the oblique shock configuration is quite 


properties remain 


Put in terms of one-dimensional flow, this means 
From Eq. (7), with As 


unaltered. 
that Qerr. should remain constant. 
constant, this criterion leads one to expect 


Q/Ap = constant (8) 


This very approximate result may be checked using the data 
given in reference (1). The numerical results are presented in 
Table 1. Actually, all are for the same value of 7; with Hp 
burning in air. The units of Ap are arbitrary for these purposes. 

In view of the approximations made in obtaining Eq. (8), 
it seems reasonable to say that the numerical result at least 
does not contradict the explanation. It could be expected to 
be better if the ratio of integrals in Eq. (5) were not neglected. 
In other words, when Q or Q (for lean fuel-air ratios) is increased, 
the wave speed may be expected to increase when downstream 
pressure remains constant. This causes the wave to move 
forward, and increase in area until it is intercepting flow with the 
same Qett. as it did in its initial position. 

Finally, the ignition 
observed by Gross and Chinitz'—i.e., that once the combustion 
is initiated at a minimum ignition temperature, it will persist 
even though the static temperature 7, ahead of the wave is then 
decreased initial 
With this decrease in 7; the wave again moves forward in much 


one might mention hysteresis effect 


below the necessary starting temperature. 


the same manner as for increase in Q. It is tempting to explain 
this in terms of keeping Qerr. constant just as was done previously 
in explaining the wave growth with increase in Q. 


REFERENCES 
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1147, June, 1958. 
3 Private communication. 


Hypervelocity Gasdynamic Charts for 
Equilibrium Air‘ 


Richard W. Ziemer* 
Physical Research Laboratory, Space Technology 
Laboratories, Inc., Los Angeles, Calif. 


June 27, 1960 


— NOTE describes a set of hypervelocity gasdynamic charts 
for air that recently has been prepared. 

properties associated with a traveling normal shock, stationary 
normal shock, stagnation point, and reflected normal shock 
have been computed and graphed for incident-shock Mach 


The gasdynamic 


t This work was performed under sponsorship of the USAF Ballistic 
Missile Division, Contract AF 04(647)-309. 


* Now Senior Scientists, Astro Systems and Research Labs., Norair. 
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Fic. 1. Thermodynamic state properties of equilibrium 
air; enthalpy versus density with curves of constant temperature 
and constant entropy. (From Gilmore's data.?) 
numbers of up to 50.1 The computational method and accuracy, 
and the extent of the data are given. The availability of the 
report containing the series of charts is indicated 


INTRODUCTION 

For theoretical or experimental research in areas of re-entry 
heating, magnetoaerodynamics and other phenomena of hyper- 
sonic aerodynamics, the thermodynamic properties of the high 
temperature shocked gas must be known. To the present time, 
real-gas equilibrium composition and thermodynamic properties 
of air to 24,000°K. and the Hugoniot curves for single normal 
shocks at speeds up to Mach 50 have been computed by Gilmore.” 
Using the data of Hilsenrath and Beckett,* Feldman‘ computed 
and charted a rather extensive set of curves including the various 
gasdynamic properties associated with traveling, reflected, and 
stationary shock fronts as functions of shock speed and initial 
density for a range of shock speeds up to about Mach 22. These 
charts are extremely convenient for use in shock-tube research 

Although this range is sufficient for studies with pressure- i 
driven and combustion-driven shock tubes, it is far below the 
shock speeds obtainable and normally used in electromagnetic 
shock tubes. 
brought into 


Moreover, advances in space technology have 


consideration vehicles with speeds exceeding 


satellite velocity. Hence, there arose a need for an extension 
of the gasdynamic charts to higher shock speeds. For this 
reason, several of the more important shock relations were 
computed up to the limit of the available thermodynamic data, | 
extending some of the previous charts to shock speeds of about 
Mach _ 50. 


in reference 1. 


These extended gasdynamic charts are reported 


COMPUTATIONAL METHOD AND RESULTS 
The computation of the gasdynamic properties, unlike the 
method of 


successive- 


electronic-computer Feldman, was a 
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approximation hand computation utilizing normal-shock equa- 
tions and graphical thermodynamic-state data. The accuracy 
of the method is dependent on the assumed curvature between 
data points in plotting the tabular data of Gilmore and the 
error in logarithmic interpolation between curves. It was 
estimated that these errors are between 1 and 10 per cent, with 
the error of the major portion of the data less than 5 per cent. 
The charts, in general, are not as accurate as could be obtained 
with an electronic computer, but the method is justified on the 
basis of the relatively low cost in time and effort. The charts 
should, nonetheless, prove useful to those working in hyper- 
velocity gasdynamics until more refined calculations are available. 

The series of gasdynamic charts of reference 1 include the 
following properties: flow velocity, density, pressure, tempera- 
ture, internal energy and enthalpy associated with a traveling 
normal shock, stationary normal shock (bow wave), stagnation 
point, and reflected normal shock. Curves are plotted versus 
incident-shock velocity for initial air densities of 107! to 10% 
times atmospheric density and an initial temperature of 273.2°K. 
The range of incident-shock speeds is from Mach 10 to Mach 50 
or to the limit of the thermodynamic data, 24,000°K. Included 
is a plot of Gilmore’s data in the form of a Mollier diagram. 
The thermodynamic-state data were plotted as enthalpy versus 
density with lines of constant entropy and temperature because 
and, therefore, greater 


become more orthogonal 


This general plot is presented 


the curves 
accuracy in reading is obtainable. 
in Fig. 1. 

It is felt that the gasdynamic charts are of general usefulness 
to many scientists and engineers and may satisfy a current need. 
However, the volume of the charts precludes publishing in a 
technical journal. The report is available to those interested 
and copies may be obtained by request to the author 


REFERENCE 
Extended Hypervelociiy Gas Dynami 
STL/TR-60-0000-09093, Tech 


Charts for Equi 
Laboratories, 


Ziemer, R. W., 
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April 14, 1960 
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f Air to 24,000°K., Rept 
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f Argon-Free Air to 15,000°K., ARO Rept 


1956 


Equilibrium Composition and Thermodynamic Properties 
RM-1543, RAND Corporation, August 24, 1955 
Table of Thermodynamic Properties 
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A Note on the Impact Pressure Loading 
of a Rigid Plastic Spherical Shell* 


R. Sankaranarayanan** 
Research Assistant Professcr, Dept. of Aerospace Engineering and 
Applied Mechanics, Polytechnic Institute of Brooklyn, N.Y 


June 29, 1960 


INTRODUCTION 

CCORDING TO conventional elastic analysis, the maximum 
load which a given structure can carry is the smallest load 

that produces plastic behavior at the most highly stressed portion 
of the structure. However, such an estimate neglects the reserve 
plastic strength which most redundant structures possess, even 
If the load 
is increased above that predicted by the elastic analysis, there 
will exist a more or less sharply defined point at which small-load 
The load at 


after some stresses have exceeded the yield stress 


increments rapidly produce large deformation. 
which this takes place is called the ‘‘collapse load.”’ 

When an ideal rigid plastic structure is subjected to a load 
greater than the collapse load, no equilibrium configuration of 


* This research was supported by the USAF through the Air Force Office 
of Scientific Research of the Air Research and Development Command, 
under Contract Number AF 49(638)-302. Reproduction in whole or in 
part is permitted for any purpose of the United States Government 

** On the Polish Academy of Sciences, Warsaw, 


leave of absence at 


Poland 
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the stresses can exist and the structure will accelerate. Obvi- 


ously, if such a load is applied for any appreciable time, the re- 
sulting deformations will become very large and the structure 
will no longer be serviceable. However, if the load is applied 
for an extremely short time, the inertial resistance of the struc 
ture may be sufficient to prevent excessive motion 

In this paper, the behavior of a complete spherical shell under 
stepwise-impulsive loading by uniform external pressure is dis 
cussed. The material of the shell is assumed to be rigid per- 
fectly-plastic and to obey Tresca’s yield condition and the asso- 
ciated-flow rule. The load is assumed to be greaicr than the 
static collapse load and to act for a short period of time 


Basic EQUATIONS 

The state of stress in a rotationally symmetric shell is described 
by four generalized stresses: the circumferential and meridional 
bending moments /y and M, and the circumferential and me- 
ridional membrane Ny and Ny. Similarly, the state of strain is 
described by four generalized strains which may, in turn, be ex 
pressed in terms of the meridional and normal components of the 
displacement V and W 

The plastic yield condition for a rotationally symmetric shell 
based on the Tresca criterion has been described by Onat and 
Prager.! The yield surface is a closed convex hypersurface in the 
four-dimensional stress space, with the rectangular Cartesian 
coordinates My, My, Ny, and Ny 

If the load is applied impulsively, the generalized stresses must 


satisfy three equations of motion, which may be written 


(n, sin ¢)’ — ng cos ¢ = sin g(s + yi) 
(s sin g)’ + sin g(pr + my + ny) = yb sin ¢ (1) 
k[(mg sin ¢)’ — my cos g| = s sin ¢ 


where we have defined 
n = N/N, = N/20oH, 
br = RP,/No, 


m= M/M, = 
M,/R No, v = V/R, w= W/R, 
pR2/NoT 


k= 





7, =t/T, y= 
oy is the tensile yield stress of the material and p is the surface 


The shell is of uniform thickness 2H, and radius R, 
Primes and 


density. 
and is subjected to a uniform radial pressure P, 
dots denote differentiation with respect to ¢ and 7, respectively 
The generalized strain rates and the velocities are related by 


és = dcot ¢ — Ww, é& =v — t 
~ . a — vy 9 
ks = —keot opi + wh’), Ky = kit + 2) 


Onat and Prager! have defined the yield surface for a rota 
tionally symmetric shell in terms of the parameters p, g, and r 


which are related to the strain rates by 








p= —-€ Ris, q = —(€9 T €y) h(xy + Ke),  @ —€y hk, 

400 —__—__—__—_—_——— 

| 
[FINAL DISPLACEMENT 
ere ae DISPLACEMENT AT INSTANT 
320} LOAD IS REMOVED , 
“40 

Fic. 1. Radial displacement of shell as function of the load 
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& 
The yield surface consists of several regions which are distin- Simple Graphical Method for Temperature : 
guished by the relative magnitudes of p, g, and r. Distribution in Bodies With Linear Change i 
in Environment Temperature 
SOLUTION 
The first problem is to determine the static collapse load. For nd oe = 
this consider the velocity field given by enior Technical Specialist, Rocketdyne, Canoga Park, Calif. + 
June 27, 1960 
w= uw, b=0 (3) 
The corresponding strain rates are SYMBOLS ' 
&9 = €& = —W, Ke = ky = 0 (4) a = thermal diffusivity of body 
; ’ l = pX?*/a, linear proportionality constant in 7, = It? 
Consequently, the parameters p, g and ¢ tend to infinity. It x = number of steps in approximation 
follows! that p = linear proportionality constant in T, = pt 
2r = duration of each step, in ¢* units 
ny = Ny = —1, ms = m, = 0 (5) t = time 
; . ’ ei t* = t(a/X?), nondimensional (Fourie1) time-—abscissa on Gurney 
In the case of static loading, the equations of equilibrium are Lurie chart FI 
obtained by deleting the inertia terms in Eqs. (1). Substitution T = temperature 
of Eqs. (5) into the equations of equilibrium vields Tt = (T - Te) '(T; — T ), nondimensional body temperature-—ordinate 
Fe on Gurney-Lurie chart (1 
Preratic = 2 (6) X = half-thickness of body 
static = 
7T* = 2nr, value of ¢* at end of linear 7, change 
The solution given by Eqs. (3), (5), and (6) is statically and 
kinematically admissible. 
If the load is slightly greater than the static collapse load, it Subscripts 
is reasonable to expect that the same plastic regime is applicable ipa ae aia 
for dynamic loading. This hypothesis is tested by solving Eqs. i = initial (time zero) 
(1) and (5). The resulting radial acceleration is given by s = simple-step T, change-—Gurney-Lurie chart condition This 
yo = pr—2 (7) 
HEN the environment temperature of a body is subjected 
where py > Prati forO < r < 1. W Capes ” ee : 
its — : : : : : to a combination of stepwise changes with time, it has 
Since there is no deformation prior to the application of the a — 
bait been shown! that the charts of Gurney-Lurie? and others for a Thu 
oac j, : . é 
simple-step change in environment temperature may be applied, hg 
wy, 0) = w(y,0) = 0 (8) due to the linearity of the solutions. Here the case of a linear T,? 
. . . . s 
, —— . ne ee environment-temperature change with time is treated, based f 
Integration of Eq. (7) subject to the initial conditions (8) ee t0r 
eta on the same principle. for 
eads to - : ; ae ? — 
An approximation to the linear variation by a series of finite | he 4 
yw = (pr — 2)7r, yw = (pr — 2)(17?/2) steps is first considered. It is then shown that when the steps en 
are allowed to degenerate into the straight line, the body- 
OS tS 1, Pranic S Pr (9) nae ’ >” & zero 
; temperature response is simply found from the area under the T 
The inequality w > O is obviously satisfied for p,,.,,;. < pr- applicable Gurney-Lurie simple-step curve, so that it is possible T.* 
At +r = 1 the external load is removed. However, since the for this case to construct a set of generalized charts. ' eons 
shell is already in motion, it continues to move until all of the The entire temperature field was assumed to be zero at time < 
kinetic energy has been dissipated into plastic work. Assuming zero, but what follows is equally applicable to finite values of the 
that the same plastic regime continues to apply during this T;. Further, all times are expressed in nondimensional Fourier fF g,, 
second phase of motion, the same equations are now to be solved time ¢*. Fig. 1 isa plot of 7, vs. t*, showing the linear variation the 
with p, = 0. The radial acceleration is now given by ; 
T. = pt = t+ (0 < tt < +t) Eq. 
yw = —2 (10) , : : , T? 
circumscribed by m steps, each of duration 2r and height 27/ rt 
Integration of Eq. (10) subject to the continuity conditions (except for first-step height 71). 
that at 7 = 1, w and w must be continuous, leads to Noting that here T = T.(1 — T+), and applying the super- 7 
as é i aac a - Ww 
yw = (pp — 27); yw = —7? + per — (p,/2) position of simple-step solutions for all individual steps yields the 
Lr ST, Pritatic S Pr (11) give 
cha: 
The inequality w > O leads to the requirement that 7 be less oe gen 
than T where (2 n-irl alot 
T = p,/2 (12) B sen 
(2n-3)rlP | fore 
DISCUSSION A 
resi 
Fig. 1 shows the displacement at the instant of the removal inte 
of the load and the final displacement as a function of the load T the 
As the magnitude of the load is increased, the displacement during e whe 
application varies linearly, in accordance with Eq. (9). How- Sif 
ever, the length of time for which the deformation continues 
and the corresponding total displacement increase rapidly with 3 it j 
: ; ss “8 r 
increasing load. For a load p = 40, about 95 per cent of the 1 
final displacement occurs after the load is removed. a : Res; 
A A i | ss 
REFERENCE e) 2r 4r +* (2n-2)r  2nr=T pa 
1Onat, E. T., and Prager, W., Limit Analysis of Shells of Revolution, Fic. 1. Linear environment-temperature variation and step ; sa 
Royal Netherlands Acad. Sc. Proc., Ser. B. Vol 57, No. 5, pp. 534-548, 1954. approximation. Hill 
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Fic. 2. Typical simple-step Gurney-Lurie curve for fixed 

resistance and body coordinate. 
rdinate tt 
(1+ 2 > Tsy,* + Tss+*) = sum of shaded areas — area 
k=l 
under curve asu— © andr—0. 
n—1 
T,+ = rl(2n —1—2 > T soppy — Ts7+) -- (1) 
k=1 
This may be nondimensionalized and written in the form 
n—1 
jected reTt, el +2>> Tih, + 7:%.) .. (2) 
t has k=1 
for a ’ . ‘ . 

: Thus, a solution for the body temperature at terminal time 
plied, 7* = 2nr may be obtained in terms of n, r, and corresponding 
wane T,* values. 7,* is the ordinate of the Gurney-Lurie charts’ 
ased for simple-step 7, changes, and ¢* the abscissa. The chart 
ips for the proper resistance and body coordinate must be used. 
finite a ee 
; As n is increased and r reduced accordingly, the accuracy of the 
peeps answer increases. In the limit, as m tends to infinity and 7 to 
jody- | zero, the steps will vanish into the straight line. 

r the To pursue this further, Fig. 2 was drawn, showing a typical 
sible } T,* vs. t* Gurney-Lurie curve for fixed dimensionless body 

; coordinate and dimensionless resistance over the time interval 
— 0 <t* < r*, divided into u steps of duration 27. It is seen that 
°s of the right-hand side of Eq. (2) is equivalent to the sum of the 
weeps | shaded areas on Fig. 2, and further, that in the limit the sum of 
oe the shaded areas becomes the area under the curve. Then 

Eq. (2) becomes simply 
27] T*, = area under curve (0 < t+ < 7r*)/r* = 
average 7',+ over (0 < t+ < rt)... (3) 
per- . ; : ‘ . 
is Thus, a graphical or planimeter integration of the area under 
the applicable simple-step Gurney-Lurie curve (on linear axes) 
gives the body-temperature variation resulting from a linear 
change with time of environment temperature. The result is 
general and may be used to solve for a succession of points 
along a linear change, be it an increase or decrease. A set of 
| generalized charts for linear change may be constructed, there- 
fore, from integration of the simple step charts. 

A numerical check for one case (midplane of slab and zero 
resistance) revealed perfect agreement between the present 
integration method and an exact analytical solution. Further, 
the finite-step solution was within 1 per cent of the exact solution 
when either m exceeded 10 or r was less than 1/10. 
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On the Use of Quaternions to Describe the 
Angular Orientation of Space Vehicles 


T. E. Surber 

North American Aviation, Inc., Los Angeles Division, 
Los Angeles, Calif. 

June 31, 1960 


SYMBOLS 


A = conjugate of quaternion \ 

n = pure quaternion 

( )o = conjugate of ( 

D( ) = operator d( )/dt 

2 = skew-symmetric tensor (see Eq. 13) 


| Wipe presented a set of dynamical equations generalized to 
analyze the dynamics of ballistic configurations as well as 
conventional aircraft. Consistent with standard aerodynamic 
practice, Loh has used the Euler-angle technique to specify the 
angular orientation of the vehicle relative to a set of inertial 
axes. Consequently, the resulting set of equations contain 
numerous trigonometric terms. Because of the trigonometric 
form of the angular displacements, the use of Eulerian angles 
to specify the vehicle angular orientation results in a relatively 
large amount of computing time. A more serious drawback is 
the presence of a discontinuity in the differential equations which 
express the Euler-angle rates in terms of vehicle angular rates. 
The only way of avoiding this discontinuity is by the introduction 
of a cumbersome change of variables in the middle of the integra- 
tion. 

It is the purpose of this note to present an alternative angular- 
orientation scheme based on quaternions. The proposed method 
specifies the angular orientation of the vehicle in terms of non- 
trigonometric variables, hence, the inherent difficulties of the 
Euler technique are avoided. The quaternion method, because 
of its generality, can be incorporated into any dynamic investi- 
gation where it is necessary to specify angular orientation. 

Courant and Hilbert? describe quaternions as ‘‘hypercomplex’ 
numbers with three imaginary units 7, 7, k which satisfy the rela- 


, 


tions 
(7)? = (j)? = (k)? = -1 
s=-k, jk=i, bt =j 
wit+i=0, tkht+ki=0, je +kj = 0 
The general quaternion is 
A = Ao + iAr + jo + RAs (1) 
where Xp, A;, Av and A; are real numbers. 

In general, we can write the general form of a quaternion in 
terms of a rotation angle w and the norm (length) of the quater- 
nion (see Whittaker*) 

A = Ao +i + jrdo + RAs = VWN(A) [cos (w/2) + sin (w/2) X 

(icosa +jcos8 +kecos y)] (2) 
where a, 8, and y are the direction cosines, and w is the angle of 
rotation about the line defined by a, 8, and y. From this rela- 


tion we obtain the relationship of the quaternion components to 
the rotation angle and direction cosines: 


Xo = cos (w/2), A; = COs @ sin (w/2) 
\» = cos B sin (w/2), A3 = cos y sin (w/2) 


The problem now is to express the components of the quaternion 
in the form of a rotation matrix similar to the familiar Euler 
transformation matrix which relates a vector in one axis system 
to another axis system. The desired transformation is 
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Ao? + Ai? — Az — Az 2(AiA2 — AsAo) 2(A1As + AzdAg) Xp 
Yr 2(ArA2 + AszAo) Ao? + Ao? — d,? = d3? 2(Ao2dAz3 —_ A1Ao) Yep 


2 


Zr 2(A1A3 —_ A2Ag) 2(A2As T ArAo) Xo? + 3? — di? = A2* ZB 


The Euler transformation matrix (4) is identical to (3): 
Xe cos @ cos ¥ sin @ sin 6 cos p cos @ sin 9 cos p Xp 
—cos ¢ sin y +sin ¢ sin y 
Vy = | cos @ sin yp sin @ sin @ sin y cos ¢ sin @ sin p Vp 
+ cos y cos ¢ —sin ¢ cos py 
Ze —sin 6 sin @ cos 6 cos ¢ cos 6 Zp 
This fact allows us to define the initial quaternion components in terms of the familiar Euler angles: 
ho? = (1/4)[1 + cos @ cos y + sin 6 sin y sin ¢ + cos Y cos ¢ + cos 8 cos | 
hi? = (1/4)[1 + cos 6 cos y — sin 9 sin y sin ¢ — cos y cos ¢ — cos 6 cos ¢] 
ho? = (1/4)[1 + sin @ sin y sin ¢ + cos y cos ¢ — cos 6 cos ¢ — cos # cos Ww] 
3? = (1/4)[1 — cos @cos y — sin @ sin y sin @ — cos y cos @¢ + cos 9 cos ¢] 


One relation remains to be determined: the differential equa- 
tions describing the rate of change of the quaternion components D(A) = —(1/2)r\om 
in terms of the vehicle angular velocities. bas P , , Se 
8 - The right side of Eq. (12) may be expanded by multiplying \ 
Define a fixed reference frame by the symbol F and the 
moving reference frame by M. The formula that expresses a 


rotation is (3) 


by wm 


D(Xo) —p -q -?r Xe 

— oe 8 ee 

Now, for an arbitrary \, € (the pure or vector part of the D(x3) —q p O |} As 

quaternion) is fixed in a moving frame M, and suppose that 

the moving frame M coincides with the fixed frame F when where do® tM? + do? + a? = I 

A}=1. Thus, from Eq. (9) Eq. (13) gives the differential equation for the rate of change 
lu = Akph (10) of the quaternions in terms of the vehicle angular rates. 


The general equations of motion for any vehicle become in 
which gives the components of the vector { in the two frames vector notation 


Mand F. ' _ 
Differentiating both sides of Eq. (10) D(mvz) = F — @u X (mvg) + mgr 


D(Gm) = [D(A)X — (D(A)d)o Sau (11) 


DU@m) = M — @m X Jom) 
‘ [Ve Ea. (3)][V 
Both D(A) and €, may be shown to be pure quaternions, [Ve] [Eq. (3)][Va] 
therefore Eq. (11) may be placed in the following equivalent cross D(A) = —(1/2)0A 
product form : Initial values of \ are obtained from Eqs. (5), (6), (7), and (8). 
D(Gm) = 2[D(A)X X Car] Hence, the dynamical and kinematical relations are given com- 
" , P ; F d yletely by the above equations. 
From basic mechanics, the following comparison is obvious I aie q ‘ 
D(Gu) = @u X Cu REFERENCES 
1 Loh, W. H. T., Spinning Ballistic Missiles, Journal of the Aero/Space 
. : sas Sciences, Readers’ Forum, Vol. 26, No. 12, p. 844-846, December, 1959. 
resented in terms of the moving frame angular velocities ‘ 
I a 8 2 Courant-Hilbert, Methods of Mathematical Physics, Vol. 1, Interscience 
Publishers, Inc., New York, 1953 
3 Whittaker, E. T., Treatise on the Analytical Dynamics of Particles and 
Rigid Bodies, Cambridge University Press, 1959. 


where @y is the angular velocity vector of the moving frame 


@u = ip + jq + kr (angular velocity components), 


hence 
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